Chapter 6 Solutions

1. To have destructive interference, the phase difference between the waves must be an
odd number of 7.

Agp=(12m+1)x
Therefore, the phase difference between the waves must be found.
Adis

Ar
Ag, = —7 2

The distances of the sources are needed. The distances are (assuming that wave 2 is
the one coming from speaker B)

—\/lm (2.4m)’

The path length difference is

Ar=24m—\|(1m)’ +(2.4m)’

=—0.2m
Thus, A¢T is
Ar
Ag. =——2
¢T ﬂ,
— _ﬂzﬂ
A
_ 0.2m Py
A

As there is no phase difference between the sources and no reflection, this phase
difference is the total phase difference.

0.2m
Ap=——-2r1
/ A
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The condition for destructive interference thus becomes
Ag= (2m + 1) T

%-2%2(2m+1)ﬁ

If this equation is solved for A, we arrive at

02m 5 _ (om+1)
2
A= 0.4m
2m+1

To get the minimum frequency, the longest wavelength is needed. Thus, we need the
smallest numerator, which we obtain with m = 0. Then, the maximum wavelength is

0.4m
= =0.4m
2041

The minimum frequency is thus

1%

fmin = T

max

340~
0.4m
=850Hz

2. To have constructive interference, the phase difference between the waves must be
an even number of T.

A¢p=2mrx
Therefore, the phase difference between the waves must be found.
Adis

Ar
A¢. =——2x
¢T ﬂ,

The distances of the sources are needed. The distances are (assuming that wave 1 is
the wave reflected by the wall)
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r=24(3m)’ +d’

r,=6m

The path length difference is thus

Ar=6m—2\(3m)’ +d°

We also need the wavelength. This wavelength is

1=

f
343
 490Hz
=0.7m

Then, Ag. is

Ar
A@. =——21
¢T ﬂ,

6m—24/(3m)’ +d>
0.7m
2,/(3m)’ +d* —6m
27
0.7m

As the sound reflected on a wall is inverted, Ag , is

APy =0, — i
=0-x

=—7

As Ag, =0, the total phase difference is

2(3m)" +d* —6m
Ag = 22—
0.7m

The condition for constructive interference thus becomes
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A@=2mrx
2,/(3m)’ +d* —6m

2T -7 =2mx

0.7m

Note here that since the two terms on the left are positive, the term on the right must
also be positive, thereby eliminating all the negative values of m.

Solving for d, we arrive at

2((3m)’ +d> -6
(3m) B 1=om

0.7m

2,/(3m)’ +d*> -6
(3m) o om+1

0.7m

2m+1
2-(3m)’ +d* —6m = 0.7
(3m) m 5 m
2m+1
2.(3m) +d? = .0.7m+6
(3m) 5 m+6m

(3m)’ +d? =2”;+1-0.7m+3m
2
(3m)” +d> =(2m+1'0.7m+3mj

2
&’ :(Z’TI 'O.7m+3mj ~(3m)’

Here’s what you get for different values of m.

m =0 d? =1.080625 m?
m =1 and more d? is greater than 1.080625 m?

The minimum value is, therefore, found with m = 0. The distance is then

d =~1.080625m”

=1.0395m

3. The intensity will be found from the resulting amplitude. This amplitude is

A= AP +2A A, cos (Ap)+ A2

As the amplitude for light is denoted E instead of A, this equation becomes
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Ey. = \/Egl +2E, Ey, cos (A¢) + Egz
Therefore, the phase difference between the waves must be found.
Adis

Ar
Ap=——2rx
¢T 2{

The distances of the sources are needed. The distances are (assuming that wave 2 is
the wave reflected by the wall)

r,=6m

rn=2 (3m)2 +(2m)2
The path length difference is thus

Ar=2y(3m)’ +(2m)" —6m

=1.211m
Therefore, A¢T is
Ar
A@. =——21x
¢T ﬂ,
__ 1.211m .
1.4m
=-5.435rad

As the wave reflected on a wall is inverted, Ag, is
Ag, =7
As Ag¢ =0, the total phase difference is
Ap=-5.435+7=-2.294rad

Since Ey, = 0,7E;, the amplitude is
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Ey, = \/Egl +2E Ey, cos (A¢) +E;,

= JEL+2-E,-0.7-E,, -cos(-2.294)+(0.7- E,, )’

= B2 (1+2:0.7 cos (-2294)+(0.7)’)

= JE2 -0.5637

= E, -0.7508

Thus, the intensity is

tot Otot

I, = lcngoE2
2

= %cngo (0.7508-E,,)’

Without reflection, the amplitude of the wave would have been simply E,; and the
intensity would have been

1
S 5 CI’LSOE(?I

By dividing one intensity by the other intensity, the result is

I Lcng, (0.7508-E, )
I_1 Leng E;,

= (0.7508)’

=0.5637

Therefore, the intensity is 56.37% of the intensity we would have if there was only
the wave arriving directly from the source.

4. We know that the amplitude is given by

Ey. = \/Egl +2E,, Ey, cos (A¢) + Egz

To know this amplitude, the amplitudes and phase difference must be known.

The amplitude of wave A is
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1
I = EcgoEozl

O,OOI%:%-3><108%-8,854><10“2 w2,

NC?

E, =0,8677

To calculate the amplitude of wave 2, the fact that the intensity decreases with to the
inverse of the square of the distance is used. This ratio of intensity gives

1y _Ey
IA E(?A
P
4ﬂ'r§ — EOZB
2
47frA EOA
r _Ep
5 Eox
I _ Eop
rp o Eg,
Thus
Ly _ 1y
E, 1
~ 300m
J(300m)’ +(200m)
3
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It remains to find the phase difference. As we have only the phase difference caused
by the difference in distance, the phase shift is

Ap=-T2"1a /—1& 27

J(300m)’ +(200m)’ ~300m
3x10° /100 MHz
_60.555m

3m

=126.826rad

27

27

Therefore, the amplitude is

Eo = \/Egl +2E, E), cos (A¢) + Egz

= \/(0.8677 2)’ 42.0.86774-0.7220 - cos (126,826) +(0,7220)°
=1.3311%

Finally, the intensity can be found

Ly = %CgoEgl
=L 3x10° 2.8.854x10°" o (1.33114)°
2 S NC

= 2.353><10‘3%

5. The phase difference is
AP =AP +Ads + Ag,
Adis

Ar
A¢. =——2x
¢T 2{

The distances of the sources and the wavelength are needed.

The distances are (assuming that wave 2 is the reflected wave)

2024 Version 6 — Superposition of Waves in Two or Three Dimensions 8



Luc Tremblay College Mérici, Québec

100 m

1, =/(86000m)’ +(1900m)"

1, =/(86000m)’ +(2100m)’

The path length difference is thus

Ar = J(86000m)” +(2100m)" —(86000m)’ +(1900m)’
— 4.6499m

The wavelength is

C

1=5
f

_ o 3x10° 2
120x10° Hz
=2.5m

Then, A¢T 18

Ar
Ap, =—=Lox
¢T 2,

—4.6499m
=—— " .27
2.5m

=-11.686rad

Ag is 0 since both waves are coming from the same source
Since the reflected wave is inverted, Ag , is
Ap, =7
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The total phase difference is thus

A¢=-11.686rad + 7
=-8.545rad

6. There is constructive interference when the crests intersect. Considering that the
wavefronts are the crests, the distance between the maximums on the screen is
therefore equal to the distance between two places where the wavefronts intersect.

Wavefronts of the wave arriving horizontaly (crests)

‘O

<«— Maximum

Wavefronts of the wave arriving at 30° (crests)

<— Maximum

A rectangle triangle is then formed (bottom right). Thus

sin 30° = 2207m
X
x =1000nm

7. The distance between the slits is found with
dsin@=mA

To obtain it, we need the angle of the 4" maximum.
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The angle is
tan @ = Y
L
tan @ = lem
200cm
6 =0.2865°
The distance is then found with
dsin@=mA

d -sin(0.2865°) = 4-600nm
d=4.8x10"m=0.48mm

8. The position will be calculated with the angle. The angle is given by

dsin@=mA
0.1x107m-sin @ =5-500nm
6 =1.4325°

The position of the maximum is thus

tan @ =

~ <

tan (1.4325°) =- Y

60cm
y=4.001cm

9. The wavelength is found with
dsin@=mA
We do not know d and the angle but the value of dsiné can be found can be found
with the information we have concerning light with a 550 nm wavelength since the

maxima are at the same position.

With a 550 nm wavelength, we have
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dsin@=mA
dsin@=5-550nm
dsin @ =2750nm

With the other wavelength, we have

dsin@=mA
2750nm =44
A=687.5nm

10. The distance is found with
tan @ = Y
L

The diagram shows that y = 11.5 mm for the 3 minimum (m = 2). We need the
angle.

The angle is of the 3™ minimum is

dsin@=(m+1)A
0.2x107m-sin@=(2+1)-632x107m
6 =0.4526°

Therefore

tan @ =

~ <

tan (0.4526°) = L13¢™

L =145.6¢cm

11.m Young’s experiment, the path length difference can be found from the phase
difference with
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Ar
Ap=——72r1
? A

Ar
= —— 27[
450%10" m
Ar =143.24nm

As the path length difference is
Ar=dsin@
We have

143.24x10°m=0.2x10"m-sin @

6=0.041°
The position is then found with
tan@ =2
L
tan (0.041°) = —=2.
240cm
y=0.1719cm

12. a)

There are 9 slits since there are 7 small maxima. (The number of slits is always
equal to the number of small maxima + 2.)

b) The distance between the slits will be found from the position of one of the large
maxima on the screen.
dsin@=mA

We need the angle.

Any maximum can be used. Here we will use the order-2 maximum which is at
y =5 cm. At this position, the angle is
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tan @ =

~ =

tan @ =
30cm

0 =9.46°

Thus, the distance is

dsin@ =mA
d -sin (9.46°) =2-500x10m
d =6.083x10"°m = 6.083um

c) The intensity being N2I; with N slits, the intensity is 81/; with 9 slits.

13. a) The maximum value of m is

_L -3
m<£:M:5_13
A 650x107 m

The maximum value of m is thus 5. There are therefore 11 maxima (the m =1 to

m =5 maxima on the right, the m = 1 to m = 5 maxima on the left and the central
maximum).

b) The distance is found with

tan @ = Y

We have L but we need the angle.
The angle of the first-order maximum is

dsin@=mA
%107 m-sin@=1-650x10""m
6=11.24°

Therefore, the position is
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tané’:l
L

tan (11.24°) = 243
cm

y=47."Tcm

14. a) The wavelength is found with
dsin@=mA
We have d but we need the angle.

The angle of the first-order maximum is

Therefore, the wavelength is

dsin@=mA
$x10_3m-sin(23.56°) =1-4
A =499 .6nm

b) The position of the 2" maximum is found with
tanf ==
L

We have L but we need the angle.

The angle of the second-order maximum is

dsin@=mA
2=X107m-sin @ =2-499.6nm
0=53.07°

Thus, the position is

College Mérici, Québec

2024 Version 6 — Superposition of Waves in Two or Three Dimensions 15



Luc Tremblay College Mérici, Québec

tané’zl
L

tan (53.07°) = 105
cm

y=133.02cm

The distance between the second-order maximum and the first-order maximum is,
therefore,

x=133.02cm—43.60cm =89.42cm

¢) The maximum value of m is

d _ &x107m

m<—=—"0———— =2.50
A 499.6x107m

The maximum value of m is thus 2. There are therefore 5 maxima (the m = 1 and
m =2 maxima on the right, the m = 1 and m = 2 maxima on the left and the central
maximum).

15. The positions of the maxima are found with
tan@ ==
L

We have L but we need the angle.

For the first wavelength, the angle of the first-order maximum is

dsin@=mA
L-x107m-sin 6 = 1-589.0nm
6=10.1776°
The position of this maximum is
tan @ = Y
L

tan (10,1776°) = 203
cm

y =35,9050cm
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For the second wavelength, the angle of the first-order maximum is

dsin@=mA
L-x107m-sin 6 = 1-589.6nm
6=10.1881°
The position of this maximum is
tan @ = Y
L

tan (10.1881°) = 203
cm

y=35.9427cm

Therefore, the distance between these two maxima is

x=735.9427cm —35.9050cm =0.0377cm

16. The position of the order-2 maximum is found with

tand, = 2

We have L but we need the angle (called &, here)

The angle of the 2" maximum is found with

dsin@=mA
dsing, =21

However, d and A are not known.

The angle can be found with what is known about of the first maximum. For the first
maximum, we

dsin@=mA
dsin6, =1

So, we have the following two equations.
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dsing, =21
dsing =1

By dividing the equations, we have

dsin@, 24
dsing, A
sin 6, _ )

sin 6,

To find the angle, you need the angle of the 1°' maximum. This angle is

tan 6, =

(98]
£~
3

tan 6, =
100cm

6,=19.29°

Therefore

si‘n 0, _ ’
sin 6,
sin 6,

sin (19.29°)

6, = 41.35°

Thus, the position is

tan 6, :%

tan (41.35°) = 105
cm

y=288.02cm

17. a) The light intensity with N slits is

S}

=1 sin’ (N—M’)

>
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The maximum begins and ends when the intensity is zero. The intensity is zero
when the sine function in the numerator is zero (but without the denominator being
zero, because the fraction is then 0/0, which is not 0). Thus the intensity vanishes
when

sin (NTA“’) =0

NAG

<

T

T

2
A¢
2

=|=

where M is an integer (but it cannot be a whole number of N, because then the
denominator is zero and this corresponds to the phase difference of the large
maxima).

The angle of the large order 1 maximum is

A9 _
=

V4

This means that the first order maximum occurs when M = N. The minimum
preceding it is thus at M = N — 1 and the minimum following it is at M = N + 1.
Therefore, the change of phase difference between the two minima (which is the
width of the central maximum) is given by

A¢min after A¢min before _ N +1 N —1

T — T
2 2 N N
A¢mjn after A¢mm before — 2_7[
2 2 N
4r

A¢mjn after A¢mm before = W

But the phase difference is

:dsmezﬂ

Ag

so that
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dsin emin after 27T — dsin emjn before 2T = 4_7[
A A
. . 22
Sin emin after sin emjn before W
A(sin8) = 24
Nd

Since the angle are close to each other, the following relation holds.

A(sin8) = di’lgé’

=cosOAl

A

Thus, the angle is

cosOAG = ﬁ
Nd

g 24
Nd cos @

It is then obvious that the width of the maxima gets smaller as N gets larger.

Note: This can be simplified further since

sind = &
d
Thus, we could have written
Ago_ A
Nd cos 8
AQ = 2sin @
Ncos@
AQ = 2tan @
N

b) Let’s find by how much the angle of the first order maximum changes when the
wavelength is changed a little. This means that we’re looking for A@ when AAis

small. It is found with

r6=%9 a2
iy
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Since the angle of the first order maximum is given by
dsin@=A1

we have

siné?:i
d

dsin@_ld_/i
de d deé

cosf =——
d do

a0__
dA dcos@

Thus

r6=29 a1
a2

AG = !

= AL
dcos@

However, this angle must be (approximately) greater than or equal to half the width
of the central maximum. This means that
L arz?
dcos@ Nd cos @

Simplifying, the result is

A= —

=z~

Thus, the number of slits needed is

0.59mm > 589.00nm

N =998.3slits

Approximately, it takes 1000 slits to see the two maxima separately.
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