Chapter 11 Solutions

1. a) We'll start by calculating h%/8mL?2.

P (6.626x10* Js)’
8mL’  §.1.6749%x107 kg -(2x107*m)’
—8.192x107J
—0.511MeV

The energy of the first level is

! 8ml?
=1-0.511MeV
=0.511MeV

The energy of the second level is

g 8ml*
=4.0.511MeV
=2.045MeV

The energy of the third level is

: 8ml’
=9-0.511MeV
=4.602MeV

b) At level 1, the neutron’s wavelength is
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2=k
n
2L
AT
2:2x107™m
-
=4x10"m

2. This wave is the wave of the 6th level. The wavelength is

2 =2k
n
2L
A =
_2:4x107m
6
=1.333x10"m

Therefore, the momentum of the electron is

A=t
_6.626x107" Js

p
p =4.9696x107> &=

1.333%x107°m

3. The smallest energy is at n = 1. The energy of this level is
2
SmL’
(6.626x10* Js)’
©8:9.1094x107" kg - (1x10™m)’

=6.025%x107°J
=0.376eV

E =1

4. The width is found with the formula of the 41 energy level.
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. e
" 8mlI?
h2
8ml?
(6.626x107*Js)”
8-9.1094x107 kg - I*

L=7.757x10"m=0.775Tnm

E, =16

10-1.602x107"°J =16-

5. From the energy of the fourth level, the energy of the first level can be found

= n2 h2
" 8ml?
hZ
E =4
¢ 8ml’?
2
=16- h >
8mL
=16-E,
Therefore,
E,=16-E
24eV =16-E,
E =1,5eV

Then the energy of the third level can be found from the energy of the first level.

E =n® h_2
! 8ml*
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6. The energy of the level is

E, =(nf+n§+nzz)8—2L2
m

(6.626x107 Js)’
8-9.1094x10 "' kg - (1x10m)’

=(32+47+2%).

=1.747x107"%J
=10.90eV

7. a) The energy of the first level is

o h2 B h2

' SmI2  8ml>

We know that a level (n) has an 80 eV energy

E =n* h
" 8ml’
80eV =n’E,

And that the following level (n + 1) has a 96.8 eV energy.

2

En+l = (l’l+1)2

8ml’
96.8¢V =(n+1)" E,

We then have 2 equations and 2 unknowns. Dividing one equation by the other,
the result is

96.8¢V _ (n+1)"E,

80eV n’E,
2
121= (”+21)
n

This gives
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1.21n% = (n+1)°
1210 =n*+2n+1
021n* =2n-1=0

The solutions of this equation are n =10 and n = -10/21. As n can only be a positive
integer, the only acceptable value for n is n = 10.

We can now find the energy of the first level.

80eV =n’E,
80eV =10* - E,
E =0.8¢eV

b) The width of the box is
h2
 8ml?

, (6.626x107 Js)’
0.8eV -1.602x107" £ = - 3
8-9.1094x10" kg - I
L=6.856x10"m
L =0.6856nm

1

8. Let’s place the 21 electrons on the levels.

EA
2.2.3 2.3.2 3,22
1.2.3 1,3,2 2.1.3 23,1 3.1,2 3:2,1
$2,2,2
p | L13 #1131 4 3.1
v v K’
p 122 #1212 #1221
v v v
73 [ e S N 1) 4 O S [822%
[y K’ [y
% 1,1:1
2 4
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The last electron is at the level 2, 2, 2, thus at n, = 2, n,=2andn, =2

9. Let’s find the energy levels. We will start by calculating h%/8mL?2.

P2 (6.626x107*Js)”

8mL’  §.1.6726x10 7 kg -(10™"m)’

=3.281x10"J
=2.048MeV

The energy of the first level is

hZ
8ml?
=1-2.048MeV
=2.048MeV

E =1

The energy of the second level is

_ » I

: 8ml?
=4-2.048MeV
=8.192MeV

The energy of the photon is

E,=E,-E,
=8.192MeV —2.048MeV
=6.144MeV

The wavelength of this photon is
_ 1240eVnm

4 A
1240eVnm

E

6.144x10°%V =

A=2.018x10"nm

10. Let’s find the energy levels. We will start by calculating 4%/8mL?2.
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0 (6.626x107*Js)’
8mL"  8.9.1094x10 ™ kg -(2x10m)’

=1.506x10J
=0.094¢V

The energy of the first level is

h 2
E =1
! 8ml’

=1-0,094eV
=0,094eV

The energy of the fourth level is

h2
8ml’
=16-0,094¢V
=1,504¢eV

E =4

To move from level 1 to level 4, the photon’s energy must be

E,=E,-E,
=1,504eV —0,094eV
=1,410eV

The wavelength of this photon is

_ 1240eVnm
S
1240eVnm

A
A=879nm

E

1,41eV =

11. Let’s find the energy levels. We will start by calculating 4%/8mL?2.
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2 (6.626x10™ Js)’

8mL’  8.9.1094x10 ™ kg -(0.5x10m)’
=2.410x107"J
=1.504¢V

The energy of the starting level is

2

E =(2+2"+2) "
8mL
=12-1.504¢V

=18.049¢V

The energy of the final level is

2

h
E, =(1P+1*+1°
f ( )8mL2
=3.1.504eV

=4.512¢V
The energy of the photon is

E,=E,~E,
=18.049¢V —4.512¢V
=13.537eV

The wavelength of this photon is
_ 1240eVnm

r A
1240eVnm

E

13.537¢V =
A =91.60nm

12. a) The energy E,, is
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hZ
E =
= 8ml?
(6.626x10™ Js)’
- 31 9 \2
8-9.1094x10 " kg -(0.6x10"m)
=1.674x107"J
=1.0445¢V

La valeur de u est donc

U=u’E

loo

20eV =u’-1.0445¢V
u=4.3758

As u+ 1 =5.3758, there are 5 levels.

b) We have to solve the equations.

vtan (2) =/4,3758” -1’
—veot(Z)=4/4,3758" -1’
According to the Wolfram website, the solutions to these equations are:

The first equation yields 4.1875, 2.5957, and 0.8722
The second equation gives 3.4272, and 1.7397

(We see that there are 5 levels and that there is a value of v between 0 and 1, a
value of v between 1 and 2, a value of v between 2 and 3 and so on.)

Therefore, the energy levels, given by E =12E,, are

E, =(0.8722)"-1.0445¢V
=0.795¢V

E, =(1,7397)" -1.0445¢V
=3.161eV

E, =(2.5957)" -1.0445¢V
=7.038¢V
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E, =(3.4272)" -1.0445¢V
=12.27eV

E, =(4.1875)" -1.0445¢V
=18.32¢V

c¢) To get out of the box, the particle’s energy must be greater than 20 eV. Therefore

Ef >20eV

The smallest energy is 20 eV.
Therefore, the minimum energy of the photon is

E,..=E, ~E
=20eV —3.161eV

=16.839¢V

¥y min

Therefore, the maximum wavelength is

_ 1240eVnm
ymin /1—
16.839¢V = 1240¢Vnm
=73.64nm
13. The probability is
16E(U - E
T — (IJ2 )e—ZaL
where
7,J8m(U —E)
o= A

_ 7138-9.1094kg -(10eV ~3eV)-1.602x10™° 2.
6.626x107* Js
=1.3555%10"m"!
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Therefore
16E(U-E) _,
T = o o 2oL
= 16-3eV (IOeV B 3eV) e—2~1.3555><1010m_]~0.3><10_9m
(10eV )’
16-3eV (10eV —3eV)
= > -0.002938
(10eV)
=0.000987
=0.0987%
14. The probability is
16E(U —E
T = (IJ2 )e—ZaL
where
7\J8m(U - E)
o =
h
_ 7,8:9.1094kg -(12¢V — 4V ) 1.602x107° 2,
6.626x107* Js
=1.4491x10"m™
Therefore
0.05 = 16-4eV - (IZeV - 46V) €—2-1.4491><10mm’l-L
(12eV)’
0.05 = 3_92_6—2.8981x10“’m"-L
9 _ _-2.8981x10""m "L
640
In(25)=-2.8981x10"m™" - L
L=1471x10"m
L=0.1471nm
15. The probability is
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16E(U —E)
T

2oL
e

Initially, we have

_16-4eV - (8eV —4eV)

- (8eV)’
0.1=4-¢7%
e =0.025

—2alL
e

0.1

If the width is doubled, we have
. 16-4eV - (SeVZ— 4eV) J-2al)
(8eV)
_ 4.( e—ZaL)z
=4-(0.025)°

=0.0025
=0.25%

« With a period of 4 X 107"~ s, the frequency 1s
16. With a period of 4 x 1075 s, the f i

:;715 = 2.5X1014HZ

1
f_T 4x10™5

a) The smallest energy is at the level n = 0.

Il
—_

n+%)hf

E}’l
E,=(0+1)nf

Il
—

-6.626x107* Js-2.5%10" Hz

N | =

283x1072°J
S517eV

oo

=

b) The wavelength of the photon will be found from the energy of the photons. This
energy is given by

E,=E -E,
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E; is the energy of the level n =3.

E =(n+1)hf
E,=(3+1)hf
:th
1
=7-—h
) f
=7-E,
=7-0.517eV
=3.619¢V
E;is the energy of the level n =1
E, =(n+1)nf
E = (1+%)hf
3
=—h
5 f
1
=3-—h
5 of
=3-E,
=3-0.517eV
=1.551eV
Therefore, the photon energy is
E, =E, -E,
=3.619¢V —1.551eV
=2.068eV
The wavelength of this photon is
E, - 1240eVnm
A
2 068y = 1240eVnm
A =599.6nm
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17. The period will be found with the frequency. The frequency can be found with the
energy formula

Since the energy of the photon is

and the photon energy is

_1240eV - nm
Y _T
_1240eV - nm

496nm
=2.5eV

we have

E, =E,-E,

2.5¢V =(5+1)hf —(2+1)hf

2.5¢V =5hf +Lhf —2hf —Lhf
2.5¢V =3hf

Therefore

2.5¢V =3hf
2.5-1.602x107"°J =3-6.626x10* Js- f
f=2.015x10"Hz

The period of oscillation is therefore

T=—
f

1
2.015%10" Hz
=4.963x10"" s

18. The wavelength is found with the energy of the photon, which itself is given by
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4 i f
The energy of the 5" level is
E - —13.5298€V
n
—13.598eV
=-0.54392¢V
The energy of the 2" level is
E - —13.52986V
n
—13.598eV
=-3.3995¢V
The energy of the photon is
E =E-E,
=-0.54392¢V —-3.3995¢V
=2.85558¢V

Therefore, the wavelength of light is

_1240eV -nm
r T
1240eV -nm

E

2.85558eV =

A=4342nm

19. The wavelength is found with the energy of the photon. For the photon to be absorbed,
its energy must be exactly equal to the energy gap between levels 1 and 6.

The energy of the 1% level is
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E - —13.5298eV
n
E, = —13.52986V
1
=-13.598¢eV
The energy of the 6™ level is
E - —13.5298eV
n
_ —13.598eV
2= T
=-0.37772eV
The energy that the photon must have is
E,=E -E
=-0.37773eV ——13.598¢V
=13.2203eV

Therefore, the wavelength of light must be

_1240eV -nm
a T
1240eV - nm
A
A=93.80nm

E

13.2203eV =

20. a) The energy of the 1% level is

_ —13.598¢V
e

 —13.598¢V
1 12

=—13.598¢V

The energy of the final level is
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E =E, -E
13V = E, —~13.598eV
E, =-0.598¢V

Let’s see to which level this energy corresponds to

E - —13.52988V
n
0598 = —13.52986V
n
n=4.769

As n can only be an integer value, there is no level having this energy. Therefore,
the photons cannot be absorbed and the electrons are always on the 1% level.

b) If bombarded with electrons, any energy between 0 and 13 eV can be transferred
during the collision. In a), we found that an addition of 13 eV brings us somewhere
between the 4™ and 5% level. So, the electrons can go to level 2, level 3, and level
4.

21. Atalevel n, the values of / the can take the integer values between 0 and n — 1.
For each value of /, m can take integer values between -/ and [. Therefore
1 value for /=0 (m =0)
3valuesfor/=1(m=-1,0,and 1)
Svaluesfor/=2 (m=-2,-1,0, 1, and 2)

7 values for [ =3 (m=-3,-2,-1,0, 1, 2, and 3)
...and so on.

Here we find the list of the odd numbers. The last odd number will be 2/ +1.

As [ isequal to n — 1, the last odd number will be

max

20 +1=2(n-1)+1
=2n-1

The total number of levels is therefore obtained by adding up these odd numbers.

N=1+3+5+7+...+(2n-1)

2024 Version 11 — Quantum Mechanics 17



Luc Tremblay College Mérici, Quebec City
Ifn=1,N=1.Itn=2,N=4.1fn=3,N=9.If n =4, N = 16. The number of levels
seems to be given by n2.

Can we prove that this sum of odd numbers is equal to n2? Of course.
Let’s start by adding these two series of numbers

N=1+3+5+7+...+2n-5+2n-3)+2n-1)
and

N=2n-1)+Q2n-3)+2n-5+..4+7+5+3+1

If the first terms of each series are summed, the result is 2#.
If the second terms of each series are summed, the result is 2.
If the third terms of each series are summed, the result is 2n.
The addition of terms 2 by 2 gives us a series of 2n.

2N =2n+2n+2n+..+2n

As there are n terms in the series, the result is

2N =n-2n
2N =2n°
N =n’
22. a) The energy is
2
E =- Z 13,26OeV
n
2
E = 3 13,260eV
1
=—122,4eV

b) To ionize the atom, the energy of the electron must be positive. Therefore, at least
122.4 eV must be given to ionize it.
¢) The wavelength is found with the energy of the photon, which itself is found with

E,=E -E,

The energy of the 2" level is
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2
g o2 13.60eV
n
2
13.
g3 32 60ev
=-30.6eV

We already know that the energy of the 1% level is -122.4 eV.
The energy of the photon is

E,=E-E,
=-30.6eV ——122.4¢V
=91.8¢V

Therefore, the wavelength of light is

_1240eV - nm
Y _T
1240eV - nm
A
A=13.51nm

E

91.8¢V =

23. The energy of the absorbed photon is

_ 1240eVnm
T
_ 1240eVnm
250nm
=4.96¢eV

E

The energy of the electron has increased by 4.96 eV.

By emitting the first photon, the electron loses the energy of this photon. This energy

1S

_ 1240eVnm
T
_ 1240eVnm
800nm
=1.55¢V
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As the electron had gained 4.96 eV and had just lost 1.55 eV, he still has 3.41 eV to
lose to return to its initial energy level. It had to emit a 3.41 eV photon, which has the
wavelength given by this formula.

Ey _ 1240;Vnm
3.41eV = 1240¢Vnm
A =363.6nm

24. In the box, there is a standing wave which is identical to a standing wave on a string.
Thus, the amplitude of the wave will be identical to the amplitude standing wave on

a string.
W =2Asinkx
The wavelength of the first level is
2L
h= 1
=2L
=2-10nm
=20nm
Thus, the amplitude of the wave is
W =2Asinkx
2
=2Asin| —x
v (ﬂ j
27
=2Asin X
v (ZOnm j

First, this wave function must comply with

widx=1

all possible
locations

As the only possible locations are between 0 nm and 10 nm, this equation becomes
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10nm 2
J- (ZAsin( 27 XD dx=1
o 20nm

The value of A can then be found with this equation.

10nm
I 4A° sinz( il xjdx=1
o 20nm
10nm
44 B— Zan sin(zg” xﬂ =1
T nm Onm
42| 10mm_ 20mm Sm( 4z IOnmj _ 42| Onm _10nm Sm( 4z Onmj 1
2 87 20nm 2 87 20nm
g2 0 _20mm G 07y |- A2 0- 12 Gin (0) | =1
2 8 87
4A% 5nm=1
A=—1

2\ 5nm

27
X
20nm j
W= ! sin( 27 x)
NSnm 20nm

Therefore, the probability of finding the particle between x =0 nm and x = 3 nm is

Thus, the amplitude of the wave is

y/:2Asin(
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1 [3nm 20nm . 47 1 | Onm 20nm . iy
= - sin ( 5 3nmﬂ - { — sin ( Onmﬂ

Snm| 2 87 Onm Snm| 2 87 20nm
_ 1 3nm_20nm sin(0.6ﬂ') 3 1 0_20nm Sin(O)
Snm| 2 8 Snm 8
_ 1 3nm_20nm sin(1.27£)
Snm| 2 87
=2~ Lin(0.67)
10 2«&
=0.1486

Therefore, the probability is 14.86%

25. The Schrodinger equation with the potential U=Y2kx2 is

2
d W+2—m(E—%kx2Jl//:O

dx*  n
Let’s check whether
—-Bx?

v =Ae

1s a solution. To check this, the second derivative of this function is needed.

d_l// — Ae® ( —ZBx)

dx
—2ABxe **
2

dy = i(—ZABxe_BXZ )

dx*  dx
= 2 ABxe ™ (~2Bx)+-2ABe™*
= 4AB X e® —2ABe ™

Therefore
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v 2m 1
e G

4AB*x*e ™ —2ABe ™ + i—T(E —%kxz j Ae P =0

4B%x? —2B+2FI—T(E—%kx2j=O
i—T(E—%kxzj:ZB—4Bzxz

é—TE—’Z—fo =2B—4B’x

The function is a solution if both sides are equal. To be equal, the constant terms must
be equal and that the x? terms must also be equal. Thus

zh—TEzzB and o =4BY
The second equation gives
m—fo =4B°x’
m_k =R’
4’

Using this value in the first equation, the result is

2m

FE=2B
2m g o |k
K’ 4h*

m ~mk

aE=——

/] 2h

g=Ymk

2m

For a harmonic oscillation, we have
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Thus

“2ox
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