6 CIRCULAR MOTION

In a rotor ride such as the one shown in this imag&hat is the
maximum period of rotation that the rotor ride cahave so that
people do not slip down the wall if the coefficieof friction
between the wall and people is 0.7 and if the resliof the rotor
ride is 2.5 m?

www.retronaut.com/2013/01/rotor-rides/
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6.1 CENTRIPETAL FORCE

As seen previously, there is an acceleration tosvire centre in a uniform circular motion.
This conclusion is reinforced if this motion is exaed with Newton’s laws. If there is no
force, the object continues in a straight line gdsan to the left).

? " ’\-- : 7
L F CF
P . :
No force With a short- With a continuous
lived force force

If the trajectory changes, it is because a for¢ecaon the object. In the centre diagram, a
force acted towards the right for a short timentheo to deflect the object towards the right.
In a circular motion (diagram to the right), inecessary to deflect the object continuously.
This means that there is always a force directadhitds the centre of the circle. This

confirms that there is an acceleration towards#rdre, as seen in chapter 2.

If Newton’s second law
F=ma

is combined with the fact that

a=—
r

towards the centre, the following conclusion ischesl.
Uniform Circular Motion

In a uniform circular motion, there must be a meté directed towards
2

: . .V
the centre of the circle whose magnitudens-.
r

The net force directed towards the centre of theleciis called thecentripetal force
(Newton coined the wordentripetalin 1684). This is not a new type of force; itust a
name given to forces already known, like gravityrmal force, tension force or friction
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force, when their action result in a circular matitn this example, the tension force is the
centripetal force.

Christiaan Huygens discovered the centripetal fiooaula in 1659, but he did not publish
it until 1673. In fact, Huygens could not give foemula in the formm\&/r since he did not
know F = ma and the concept of mass was not really used bé&fereton. Huygens was
examining the tension of a rope that holds an abjea circular motion. He tells us that
the tension increases with, that it increases with rland that it is equal to the weight of
the object if the speed of the rotating objecjsa to the speed that the object would have
if it fell from rest on a distance equal to halétradius of the circular trajectory. It is not
simple, but it is the same thing as the law giventlie centripetal force. Around 1680,
Edmond Halley, Christopher Wren, and Robert HoakeaVered that the force is directed
toward the center.

Let's say it again, the centripetal force is noteav type of force; it is just a name given to
forces already known, like gravity, normal foransion force or friction force, when their
action result in a circular motion. Let’s look anse situations with to see what forces
make the centripetal force in these cases.

Object Rotating at the End of a String

—

Force on stone | 5

An object fixed at the end of a rope rotates a
constant speed. The force directed towards

centre of the circle is exerted by the tensiondmt "
the string acting on the stone. \

[

The tension force is the centripetal force here. \\ N /

astronomy.nmsu.edu/tharriso/ast105/Ast105week04.htm
Object on a Turntable

Now imagine an object placed on a turntable.

In this case, the normal force and the weight can
make the centripetal force as they are not direc
towards the centre of the circular motion. The o1
force that can be directed towards the centre ®f
circle is the friction force. The friction force ibus b
the centripetal force here.

dev.physicslab.org/Document.aspx?doctype=5&filens@mnpilations_ CPworkbook_Centripetal
Force.xml&asid=5679&siteid=%7BICF1626F-C264-436 AEE5DF386F0F2F11%7D

2026 Version 6 — Circular Motion 3



Luc Tremblay Collége Mérici, Quebec City

Car on a Bump

Now suppose that a car passes over a bump. I
forces acting on the car are shown in this diagra AN

Since the car makes a circular motion, the netfo
must be directed towards the centre of the circ
This force must then be directed downwards wk
the car is in the position shown in the diagramsT
means that the weight must be greater than nor
force in order to have a resulting force direct
downwards.

fr.depositphotos.com/2577683/stock-illustration-Gam|

w> k|

In this case, the normal force cancels part oltbight and the remaining part of the weight
makes the downwards force. Here, the centripetalefes thus made by a part of the
gravitational force.

Car in a Dip

Now suppose that a car passes in a dip. The fo
acting on the car are shown in this diagram.

Since the car is a circular motion, the net forees
be pointing towards the centre of the circle. He
the net force must be directed upwards. This me
that the normal force must be greater than

weight so that there is a resultant upwards force.

w< F

In this case, a part of the normal force cancedswhight, and the remaining part of the
normal force makes the upwards force. Here, theripetal force is thus made by a part of
the normal force.

If the centripetal force suddenly disappears, tiencircular motion stops, and the object
continues its motion in a straight path becauseetiseno longer any force acting on it. In
the case illustrated in the diagram, the force madthe rope disappears when the rope
breaks. The object can no longer be in a circulation as there is no longer any force
towards the centre. The object then goes in ag$irdine in the direction of the velocity
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that the object had when the rope brot ¥ =
Since the velocity is always tangent to tl

circle in a circular motion, the straight-lin Rope breaks \
motion is tangent to the circle as shown ‘
the diagram. [

This is what happens in this video. Tt \
person in the ride can make a circul

motion because the normal force exert /
by the metal railing on the back of th \\

person is directed towards the cent
When the person loses contact with the
metal railing, the force disappears, and the
person can no longer be in a circular motion.
https://www.youtube.com/watch?v=bi-YKulwvUs

The person then continued its motion in a strdiglktand is thrown to the ground.

Too Much Inwards Force

If the sum of forces towards the centre circle

bigger tharm\#/r, then the net force is greater the

the force required to make a circular motion witk

constant radius. This excess of force gives toom

acceleration towards the centre of the circle,thed /

object then gets closer to the centre of the cirt
Here’s the trajectory obtained if the sum of tl
forces is always greater tham?/r.

-—__—/

astronomy.nmsu.edu/tharriso/ast105/Ast105week04

Not Enough Inwards Force

If the sum of forces towards the cent
circle is less tham\#/r, then the net force i<
smaller than the force required to make
circular motion with a constant radius. Th
lack of force does not give enoug
acceleration towards the centre of the circ
and the object then moves away from t
centre of the circle. Here’s the trajecto
obtained if the sum of the forces is alwa
smaller tharm\?/r.
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#

The curved bullet trajectories in the filwanted recreated here
https://www.youtube.com/watch?v=bCClvXqgcaMQ

is, therefore, impossible. Even if the gun is redathere is no centripetal force acting on
the bullet once it has left the gun. Thus, thediu supposed to move in a straight line
(while falling to the ground because of gravity)isl therefore, impossible for the path to
be curved as seen in the clip. Many people thiak tilere is some sort of conservation of
rotational motion, but there is none.

6.2 EQUATIONS FOR CIRCULAR MOTION

# % &

Problem solving with circular movements (uniform wot) is much easier with the
following choice of axes.

Two possibilities

. . ) ) R for the axis
1) Use an axis in the radial direction (2 possibiitie %

towards the centre of the circular motion or awayf
the centre of the circular motion).

Two possibilities
. . . . for the axis
2) Use another axis in the tangential directic

(2 possibilities: in the direction of the /
velocity of the object or in the opposit
direction to the velocity of the object.)

3) If a third axis is needed, it must be perpendictdahe other two axes.

This choice of axes is perfect to solve any prolsl@ncircular motion, uniform or non-
uniform.

Actually, this is the same rule as the rule usechiapters 4 and 5: an axis must be placed
in the direction of the velocity of the object arthe opposite direction to the velocity of
the object. This axis is the axis tangent to theei As the other axis must be perpendicular
to the axis in the direction of the velocity, itagtomatically in the radial direction.
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With axes directed as specified, here’s what isioled if Newton’s laws are applied to a
circular motion.

Equations of Circular Motion

Radial direction (towards the centre or away frdm tentre)

F=mag

Tangential direction (in the direction of velocdy opposite to the direction of velocity)

F=ma

Third axis

In these notes, the acceleration is always zetioairection of this axis.
F=0

There are two important cases for the circular amtuniform circular motion (in which
the speed is constant) and non-uniform circulanonot

Uniform Circular Motion

In a uniform circular motion, two formulas can ksed for the centripetal acceleration. The
sign of the acceleration changes according to itleettbn of the axis. Thus,

Ve 4p°r .
a, :T or a = T If the axis points towards the centre.
v 4p°r .
a, =- - or a.=- T If the axis points away from the centre.

Since the speed is constant, the tangential aetrleris

3 =0

Non-Uniform Circular Motion

In a non-uniform circular motion only one formulancbe used for centripetal acceleration.
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2
v o
a, =— If the axis points towards the centr
r

If the axis points away from the centre

8=V
r

As the speed changes, the tangential acceleratiootizero.

3 ' 0

6.3 UNIFORM CIRCULAR MOTION

Now, these ideas will be applied to the study afarm circular motion.

s 0
A 500 g object attached at the end of a 2 m rc *"
rotates in a vertical plane at a steady speec /«9 500 g
10 m/s. _; O e

{ v““(‘ ‘

H r“"“" '

a) What is the tension of the rope when tl
object is at the lowest point of th e T
J

trajectory?

Forces Acting on the Object

The forces acting on the stone at the low:
point are:

¥
1) The weight (hg) directed downwards. » mg
2) The tension force () directed *
upwards.

Centripetal force
directed upwards,

Here, only the tension force is in the right
direction to make the centripetal force. The
tension force should, therefore, cancel the
force of gravity and also make the centripetal
force.
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Sum of the Forces

We will use ay-axis pointing towards the centrexaaxis pointing in the direction
of the velocity of the object.

With those axes, the sums of the forces are
F. =0
F,=-mg+ T

Newton’s Second Law

The centripetal acceleration is directed upwardsesthe centre of the circle is
above the object. Thus, Newton’s second law gives

F,.=ma ® 0=0
2

V
F,=ma, ® -mg F mr—

Solving the Equations

With the second equation, the tension can be found.
2

%
T, =m—+mg
r

10m)°
052 so5g .
2 2m 2 %
= 25N + 4.9N

=29.9N

Of this 29.9 N tension force, 4.9 N are requirectaocel gravity, and 25 N are
required to make the centripetal force.

b) What is the tension of the rope when the objecitishe highest point of the
trajectory?

Forces Acting on the Object

The forces acting on the stone at the lowest point
are:

1) The weight (hg) directed downwards.
2) The tension forcel},) directed upwards.
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In this case, the tension force and the
weight are in the right direction to make the
centripetal force. The tension should,
therefore, be simply equal to what is
missing from the gravitation force to make
the centripetal force.

Centripetal
force directed
downwards

Sum of the Forces

We will use ay-axis pointing away from the centre araxis pointing in the
direction of the velocity of the object.

With those axes, the sums of the forces are
F. =0
F,=-mg T,

Newton’s Second Law

The centripetal acceleration is directed downwanmdse the centre of the circle is
below the object. Thus, Newton’s second law gives

F. =mg ® 0=0
2

F, =ma, ® -mg F- mr—

There is a minus sign in front af\?/r since the centripetal force is towards the
centre of the circle, which is downwards when tbgct is at the highest point.
(An axis pointing upwards is used.)

Solving the Equations

With the second equation, the tension can be found.

2

Vv
T,=m—- mg

r

= 0.5 J1oz)* 0.5kg x9.8%
5Kg o .5g 9.8
=25N - 4.9N

=20.1N

There are already 4.9 N in the right direction aogrirom the weight. The tension
must then be (20.1 N) to have the required 25 Nrigetal force for this motion.
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Here are two comments concerning this previous ekam

1) because
the rope must compensate for the force of gravityrmake the centripetal force at
this point. It is, therefore, at this location tlia¢ tension is largest.

2) Ifthe speed of the object were to be lower, say® then there would be a problem
at the highest point since a calculation similatthe one done in the previous
example would give us a tension of -3.9 N. As #resion cannot be negative (that
would mean that the rope pushes), this situatiampossible. At this speed, the
centripetal force required is only 1 N, while theight is 4.9 N. As there is nothing
to cancel the weight, there is an excess of cestaigorce. The object would then
move closer to the centre of the circle, and tipe nwould slacken.

15 (*

At what maximum speed can a 1000 kg car take aechawing a 10 m radius if the
coefficient of static friction between the tiredahe road is 0.8?

Forces Acting on the Object

E\’ Towards the center
of the circle

Three forces are acting on the car:

1) The weight ) directed downwards.

2) The normal force () directed
upwards.

3) The static friction force () parallel

to the ground.
fr.depositphotos.com/2577683/stock-illustration-@aml

(The frictional force is static because the tiresdt
slip on the asphalt.) Only the friction force istire
right direction to make the centripetal forc
Therefore, the centripetal force must be made by .
static frictional force. Friction

www.physicsclassroom.com/class/circles/u6llc.cfm

Sum of the Forces

The following axes will be used: an axi§ {owards the centre of the circular motion,
an axis Y) in the direction of the motion of the car (outtbé page in the diagram)
and a third axisz) upwards.

Therefore, the sums of the forces are
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F, =F,

X

F,=-mg+ K

Newton’s Second Law

The acceleration is towards the right since thdreeof circle is towards the right.
Thus, Newton’s second law is

F, =ma, ® = M—
r
F, =ma ® =0
F,=0 ® -mg K= 0

Solving the Equations

With static friction,F; andFy must be found and then those values must be nsed i
the equatiorF; P Fy.

The friction force can be found with the first ejoa.
F =m—

The normal force can be found with the second egpuat
F. =mg

Using those values in the equatién p_Fy, the resultis
Fe £ WFy

mVTZ £ p,mg
VE | ILIg

Thus, the maximum speed is

Vinax =\ s 19
Note that this speed is independent of the ma#seofar.

With the values given in this problem, the maximspeed is
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Vinax = /0.85X10M 0.8%
= 8.8541
=31.94m

This speed increases if the road is banked
shown here. a5

www.masteringphysicssolutions.net/mastering-physaiations-
banked-frictionless-curve-and-flat-curve-with-frat/

Let's see why the speed increases with an example.
1$ " ((
At what speed can a 1000 kg car take a curve hawih@ m radius if the coefficient of

static friction between the tires and the road.&dhd if the road is banked 30° from the
horizontal?

/ EV Towards the center

' i f the circl
Forces Acting on the Object of the circle

There are still 3 forces acting on the car

Gy

1) The weight () directed downwards

2) The normal force ( ) perpendicular
to the road.

3) The friction force ( ) parallel to the road.

The weight is still not in the right direction toake the centripetal force, but the
normal force has a horizontal component, which wowtributes to the centripetal
force. On the other hand, the frictional force @ in the horizontal direction
anymore. Only the horizontal component of frictiftaice can contribute to the
centripetal force. The centripetal force is, theref made here by a component of
the normal force and a component of the frictiorcéo

Sum of the Forces

The following axes will be used: an axig (owards the centre of the circular motion,
an axis Y) in the direction of the motion of the car (outtbé page in the diagram)
and a third axiszj upwards. The-axis is still horizontal because the centre of the
circular motion is in this direction.
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-
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www.slideshare.net/cscottthomas/ch-5-circular-mmebaline

The diagram to the right shows the angle betweepdsitive
x-axis and the forces

Thus, the table of forces is

Forces X z

Weight 0 -mg
Normal force cos 60° sin 60°
Friction force cos (-30°) sin (-30°)

Therefore, the sums of the forces are
F.=F,cos60+F, co§- 30
F, =0
F,=-mg+ F,sin60+ F, sin- 30)

Newton’s Second Law

The acceleration is towards the right since thdreeof circle is towards the right.
Thus, Newton'’s second law is

2
F.=ma ® F,cos60+ F, co$ 30 m—

"
F, =mag ® 0=20
F,=0 ® - mg Fsin60+ F sift 30F O
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Solving the Equations

Normally, one would findF; andFy and then use these valueskp pFy.
However, these two variables are not easy to olbtaia, so another method will be
used.

As the maximum speed is sought, the maximum fooeeatds the centre will be
used. This maximum force occurs when the frictoatiits maximunkya, = HFn-

Thus

2
F, cos60 + F, co§- 30= m%

-mg+ R, sin60+ p R, sin- 30k (
The normal force can be found with the second éguat

-mg+ F,(sin60+ W sin- 30)F (
Fy = 2
" sin60 +y, sin(- 30)
F, =2.1458mg
F, =21028N

Substituting this normal force into the sum ofXr@mponent of forces, the maximum
speed is obtained.

2
2.1458mg cos60+ | 2.145@1g cps °3e \m"r:_ax
Ve =2.1458qg( cos60 4y cqs- 3
V2 = 2.1458¢10n 9.8 (xcos60°+0,8>c0s -3
v, =15.841 = 7@

The mass of the car does not matter since it ngeloappears in the equation of the
maximum speed. It can also be noted that the marispeed has increased compared
to the previous example. A part of normal force ramts as a centripetal force, and
this allows the car to move faster in the curvénaitt slipping.

It is possible to take a banked curve even if thereo friction. In this case, only the

horizontal component of the normal force acts adéntripetal force. However, as the
component of the normal force has a very precidgeysghe car must move at exactly the
right speed to take such a curve without slippfrtpere is no friction.

The road can be banked even more in very tightesur¥Vhere is no limit to the banking
angle given to the road, as shown in this video.
https://www.youtube.com/watch?v=ury7J6bK7bc
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As the wall is almost vertical, the centripetalderis made almost exclusively by the
normal force. Here, the friction force prevents ¢he from sliding down the wall.

Banking the road is not the only option to incretlsemaximum speed of a car in a curve.
Formula 1 race cars may take non-banked curvesuah rhigher speed than the speed
found in example 6.2.2/(.y K rg). To achieve this, wings are used to increase the

normal force between the car and the ground. Wherair strikes the wings, it exerts a
downwards force. The equation of force is then

F,=Fy- W Fyps

wings~

F.=w+F

wings

This shows that normal force is greater with
wings. In fact, at high speeds, the force made
by the wing is much greater than the weight
and the normal force is way larger than it

would be without wings. This greater normal
force greatly increases the maximum static

P F

rear wing . . .
friction force (1 ,Fy). This allows the drivers to
front wing take curves at much higher speeds because the
WWW.123rf.com/photc_)_l_1141455_siIhouette—drawing— m.aX|mum Cer!t”p_etal force |$ much greater
of-fl-racing-car-cockpi-view.htm (since the static friction force is the only force

acting as the centripetal force in a non-banked
curve). If one of the wings breaks, the normal éodcops, and the driver can no longer
take a curve at high speed.
https://www.youtube.com/watch?v=jhwPSAI-dOo
When the rear wing breaks, the normal force onrélae wheels suddenly drops, which
causes a sudden drop of the frictional force and tf the centripetal force. There is then
a lack of centripetal force on the rear wheelshed the back of the car cannot take this
curve as quickly. Therefore, the rear of the caftsdtowards the outside of the curve,
causing the accident.

The drag, however, exerts a force on the wings lwbpposes the motion of the formula 1.
Formula 1 drag coefficients are very high mainlgdaese of this drag force on the wings.
This higher drag force is, of course, a handicapafoace car but ultimately is it better to
have wings. The cars go a little slower on theigiita, but they can go so much faster in
curves that, in the end, they can go around tlok treuch more quickly with wings.

The forces exerted by the wings are so large & $pgeds that it would be possible for a
Formula 1 race car to drive upside down on a agiiithout falling (at speed larger than
about 160 km/h) since the force made by the windpsch are pushing the car towards the
ceiling, would be greater than the weight.
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Now let’s look at how a plane turn. In orde
for an aircraft to turn, there must be a for
towards the center of the circular motion,
towards the left or towards the right. TFr
problem is that there is no force acting in tr
direction on an airplane. The lift (force mac
by air on the wings) is upwards, the weight
downwards, the drag is towards the rear of 1
aircraft and the thrust of the engines '
towards the front of the airplane. There is | weight
force towards the right or towards the left!
For a car, you could have friction. For &
aircraft, there can be no friction since tt
aircraft does not touch the ground.

There is only one force that can be used &
centripetal force, and that is lift. If the plar
tilts, the lift will also tilt.

Lift now has a horizontal component. Th
component then acts as the centripetal for weight

www.aerodrome-
ecuvillens.ch/pilote%20guide/vol_virage.|

1$ (+
A Cessna travelling at 144 km/h must make a coragietizontal circle in 2 minutes.
a) What is the radius of the turn?

The circumference of the circle is

=2pr
As the aircraft travels at 40 m/s for two minut® circumference of the circle is
also
=vt
=402 X120
=4800m
Therefore
4800m= pr
r=763.9n
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a) How much does the plane have to tilt the planeakerthis turn fon the diagram)?

Forces Acting on the Object

There are 2 forces acting on the aircrat

1) The weight (g directed
downwards.
2) The lift (F)) tilted by an anglé.

weight

Sum of the Forces

The following axes will be used: an axig (owards the centre of the circular
motion, an axisy() in the direction of the motion of the aircrafu{wf the page in
the diagram) and a third axi® (pwards.

Therefore, the sums of the forces are
F.=F_cos(90- b)
F, =0
F,=-mg+ Fsin(90- b)

Newton’s Second Law

The acceleration is towards the right since theéreeof circle is towards the right.
Thus, Newton’s second law is

2

F=mg ® F cos( 90- b} mVT
F, =mg ® 0=0
F,=0 ® - mg Fsin(90 b3

Solving the Equations

If the 39 equation is solved for the lift
- M9
" sin(90- b)
And the result is use in thé' gquation, the result is

F, cos( 90- b)= mTVZ
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my
r

mg _
_— 90- b)=
S0~ )X 90" 2)

g Ya

tan(90- b) r
Therefore,

9.8 (40m)
tan(90- b)  763.tn
tan( 90 - b)= 4.679
90°- b= 77.94
b=12.06¢

1$  '(,

In a rotor ride such as this oh#ps://www.youtube.com/watch?v=2Sd9a0CSérau’ll
see at 1:10 that the floor is removed and thap#wple remain stuck on the wall), what is
the maximum period of rotation that the rotor rid& have so that people do not slip down
the wall if the coefficient of friction between theall and people is 0.7 and if the radius of
the rotor ride is 2.5 m?

Forces Acting on the Object

There are three forces on the person.

1) The weight ) directed downwards.

2) The normal force ( ) directed towards
the centre of the circular motiol
(inwards).

3) The friction force ( ) directed upwards. « R

www.chegg.com/homework-help/questions-and-answerafeced-
physics-archive-2012-november-1:

Sum of the Forces

The following axes will be used: an axig (owards the centre of the circular motion,
an axis y) in the direction of the motion of the person antthird axis £) upwards.

Therefore, the sums of the forces are

F.=Fy F,=0 F,=-mg+ F,
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Newton’s Second Law

With a centripetal acceleration to the positiyeNewton’s Second Law gives the
following equations.

2
F, =ma, ® = m4j|t_7—2r
F, =mg ® 0=0
F,=0 ® -mg F=0

As the rotation period is sought, the centripetat& formula with the rotation period
is used.

Solving the Equations

According to the third equation, the friction forise
F, =mg
According to the first equation, the normal forse i

_Ap*r
Fy=m =

Using those values iff;  p_Fy, we have

Ff £ us I:N

2
mg£ Lgm4¢—2r

4pr
g £ uS T2

2
e |4p°ru,
9

Therefore, the maximum rotation period is

T

max

_ [4p®=2.5m 0.7
9.81
= 2.655

Sometimes, an object loses contact with anothenglarcircular motion. In order to know
whether this happens or not, the magnitude of tmmal force between the two objects in
contact must be found, assuming they are in candapositive value for the normal force
means that the objects do indeed touch each otiereas a negative value for the normal
force means that this situation is impossible dad the objects do not touch each other.

2026 Version 6 — Circular Motion 20



Luc Tremblay Collége Mérici, Quebec City

1$  '(,

A car going at 12 m/s passes over a bu
having a 5m radius, as shown in tl
diagram.

N
>

a) Isthe car still in contact with thed . :
at the top of the bump? { A

I ~

www.chegg.com/homework-help/questions-and-answeysips-archive-2U11-septémber-22

Forces Acting on the Object

Let's assume that the car is still in contact wifite road at the top of the bump.
The forces on the car are:

1) The weight W) directed downwards.

2) The normal force () directed
upwards.

Sum of the Forces

The following axes will be used: an axig (
towards the centre of the circular motion and ais §3 in the direction of the
motion of the car.

The sum of vertical forces is

F.=-mg+ K

Newton’s Second Law

With a centripetal acceleration directed downwalkisyton’s Second Law gives

the following equation.
F, =ma, ® - mg K=- m—
-

m\Z/r is negative because the centripetal force is tidcedownwards since the
centre of the circle is under the car.

Solving the Equation

The two questions can now be answered. Let's ¢instk whether the car stays
in touch with the road. To find out, the normaldemust be found.
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V
=m g- —
r

12m)?

=m 9.8 - ( 5m)
--19%)

Regardless of the value of the mass, the normaefds negative, which is
impossible. Therefore, the car is not in conta¢hwhe road.

In fact, only the force of gravity was in the rigtirection here to act as the
centripetal force. However, this gravitational #®is not sufficiently large to make
the centripetal force, and there is, thereforegck lof centripetal force. Thus, the
car moves away from the centre of the circle, thytesing contact with the road.

b) What maximum speed can a car passing on this bawvg \without losing contact
with the road?

Now let’s calculate the maximum speed to stay uckowith the road. The car is
in contact with the road if normal is positive.

If normal is positive, then it means that

V2

F,=m g-— >0
r

V2
g>—

r
v<irg
v<,/5m9.8%

m
v<72

Therefore, the maximum speed is 7 m/s.

6.4 CENTRIFUGAL FORCES DO NOT EXIST
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You surely heard the term “centrifugal force” be&foWhen a person is ejected from a
merry-go-round, the centrifugal force is often iked as the cause of this ejection. That is
wrong. The lack of centripetal force is really ttaise of the ejection.

#1

Consider the situation shown in this small animatmillustrate our point.
https://www.youtube.com/watch?v=1 UBPOINH;|8

There is an object on a rolling cart and thereoidriction between the object and the cart.
When the cart starts to turn, the small object oaffwillow this circular motion since no
force can act as the centripetal force. Only thegghteand the normal force are acting on
the small object, and none is in the right diractio deflect the trajectory to allow the
object to turn with the cart. Without a centripefaice, the small object continues in a
straight line as the cart turns. As a result, thalkobject falls from the cart. No centrifugal
forces are pushing the object towards the outdsidieeocurve. It is instead the absence of
centripetal force which caused the object to falhf the cart since it has not been able to
follow the circular motion of the cart.

If a car tries taking a curve with too much speedayill leave the road, falling into the
outside ditch of the curve. This is not becauserdrdugal force pushes the car outwards,
but because there is a lack of centripetal forca turve, the vehicle turns because there
is a frictional force between the tires and thedraeting as centripetal force. As there is a
maximum to this frictional force, there is a maximio

the centripetal force. If the car is going too fasthe
curve, it is possible that the friction force, evahits
maximum value, is smaller than the centripetal dorc
required to take this curve.

Friction

www.physicsclassroom.com/class/circles/
uéllc.cin

The friction deflects the path of the car, but @sbugh
to follow the curvature of the road. The car thuekes
a circular motion, but with a greater radius ofvauure
than the road, causing the car to fall into thesiolat
ditch. A centrifugal force does not push the céo the
ditch; it fell there because there was a lack otrgeetal
force.

This is what happens to these cars.
https://www.youtube.com/watch?v=Cj8ial TNXw
https://www.youtube.com/watch?v=Dn7 bph2lhU

Force

stockcarscience.com/scienceTopics/scsRacing_Qsguatforce.php
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Let's look at the people in this video, especitily person who wears red pants.
https://www.youtube.com/watch?v=hW57tL Mcqt4

The normal made by the back of the bench makesathigipetal force. However, let’s look
at the forces acting on the person’s upper bodtially, the muscles of the person make
the force towards the center on the upper bodyatats it to make the circular motion.
When the speed of rotation becomes too great, theeles are no longer strong enough
and there is then a lack of centripetal force. pheson’s torso can no longer follow the
circular motion, and then moves away from the axisotation. When the torso becomes
horizontal, the normal made by the backrest that making the centripetal force up to
this point changes direction. It is now upwards dnerefore can no longer act as a
centripetal force. Then, there is no centripetedécanymore, and the person can no longer
follow the circular motion. So, he leaves followiagtraight-line motion.

# n . "

When a stone rotates at the end of a rope andsarpéplds the rope, it is possible to think
that there is a centrifugal force because the pefsels that the rope pulls on its hand
towards the outside of the circle. That is trud,the forces made by the rope at each end
of the rope must be looked at very carefull

The rope pulls on the stone towards t  pForee on stone T
inside of the circle. This is the centripet \
force required for the stone to make i

circular motion. The rope also pulls wit

equal force to the other end of the rope. ¢ ( Force on hand
the rope pulls on the hand towards tl
outside of the circle. This is indeed a fort
directed outwards, but this force does not
on the object making the circular motiol
The net force on the object making tt

circular motion is always directed towarc \\ /
the centre of the circular path. The force ¢

be directed outwards on other objects.

ﬁ____/

astronomy.nmsu.edu/tharriso/ast105/Ast105week04.htm

Even Huygens spoke of centrifugal force and notrgestal force. Actually, Huygens was
looking for the force that the rotating object mska the rope. As the rope pulls the object
towards the centre, the object pulls the rope orgdsval he force found by Huygens is thus
really directed outwards.

In a car taking a curve, there seem to be foraextid outwards. Suppose you're sitting
on the passenger side, without a seatbelt, onyasli@pery seat. If the car turns left, you
slide outwards until you come into contact with th@or. You slide towards the door
because there is no centripetal force acting on You then continue your motion in a
straight line while the car is turning. If you conte in a straight line and the car is turning,
you eventually come into contact with the side déith this contact, there is now a
normal force pushing you inwards that acts as #rgripetal force to allow you to turn
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with the car. As a contact force is always a rapealforce, the force that the door exerts
on you is indeed directed towards the centre ottreular motion. If the door pushes on

you inwards, then, according to Newton’s third lawu must exert a force directed

outwards on the door. Does this mean that theam isutwards force on the car and that
there is, therefore, a centrifugal force? No. Theiliedeed this outwards force on the car,
but the net force on the car must be directed idacaWhen you exert an outwards force
on the door, the inwards friction force betweenrttead and the tires must increase slightly
to compensate for this outwards force.

L e |

Although the centrifugal force does not exist, cénges {:‘

exist. However, the centrifugal force does not axpivhy
substances settle at the bottom of test tubes.

Here’s a simplified centrifuge model, used to ustierd Axis of
the mechanlsm. A test tube is simply rotating asaghin rotation
the diagram.

fr.openclassrooms.com/sciences/cours/la-physiqimieten-seconde/a-centrifugation

A Test Tube Filled Only With Water

Consider first a test tube only filled with wat8s the water makes a circular motion, there
must be a force acting on the water. This forcmasle by the water pressure. When the
test tube is rotated, a pressure variation appedhe water. The pressure is largest at the
bottom of the tube and decreases towards the suofabe liquid.

Atmospheric pressure Higher pressure
matoumatheux.ac-rennes.fr/num/fractions/6/eproagditm

Let's examine the force on a small slice ~f

water in the test tube. The pressure for * I

exerted below the layer is greater than t )
pressure force exerted above the layer. 1 Pressure Pressure on
excess pressure force towards the centre of ontop the bottom

circular path is the force that makes the
centripetal force of the water slice.

In fact, the pressure as a function of depth cbeldalculated based on the assumption that

the pressure increase with depth should generateght centripetal force on any slice of
water.

2026 Version 6 — Circular Motion 25



Luc Tremblay Collége Mérici, Quebec City

A Test Tube Filled with Water Containing Particles

Now imagine that there is a particl
in the water. The water pressul
then acts on the particle. As th
pressure gets larger towards tt
bottom of the test tube, the pressu
force is greater on this side. The

sum of these forces acting on the particle is egfdéowards the axis of rotation.

[+Y

oM

This force is, in fact, a buoyant force and ishe tight direction to act as a centripetal
force. The magnitude of this force can easily henth using the formula of the buoyant
force. However, the value of the gravitational d&@dion must be replaced by the
centripetal acceleration of the water in this folaTherefore, the force is

2
Yoy,
r

The sum of thex-component of the force is then (using a posiiaxis pointing to the
left, so towards the axis of rotation)

F,=ma

From this equation, the acceleration can be found

vvo.m
I water T _V_f a
veo
lyaer — =T particlea
2
a= ! water V_
r particle r

If the particle density is the same as the watesig, the acceleration of the particle is
exactlyV?/r. This means that the buoyant force has just tji@ magnitude to make the
centripetal force. The particle then makes itsutac motion and always remains at the
same distance from the axis of rotation. The parttberefore, remains at the same position
in the tube. This occurs only if the particle Has same density as water.

2026 Version 6 — Circular Motion 26



Luc Tremblay Collége Mérici, Quebec City

If the particle has a higher density than wateentn< v2/r. The buoyant force is not large
enough, and there is a lack of centripetal for¢eisT the particle cannot follow the circular
motion with a constant radius. With a lack of cgrgtal force, the particle makes a circular
motion while moving away from the axis of rotatiomtil it reaches the bottom of the tube.
The higher the density of the particle, the lartper lack of centripetal force is, and the
faster the particle reaches the bottom of the dglinThe denser patrticles will, therefore,
reach the bottom first, followed by other less @eparticles, and then by others less dense
particles and so on. There is then a separatidheoparticle according to their density at
the bottom of the test tube.

If the particle has a smaller density than watesna > V2/r. The buoyant force is too large,
and there is an excess of centripetal force. B¢hse, the particle makes a circular motion
while moving towards the axis of rotation, untiréaches the surface of the water in the
test tube.

In the end, we get a test tube in which the pagiere deposited in order of density at the
bottom of the tube for particles denser than watel where the particles less dense than
water float to the surface of the tube. The fasterrotation, the faster this separation is
done. The centrifugal force does not make thisrstjoa.

6.5 NON-UNIFORM CIRCULAR MOTION

In a non-uniform circular motion, the centripetateleration is

a, =— If the axis points towards the centr
VZ
a, =-— If the axis points away from the centre
r
and the tangential acceleration is not zero.
a*to0
Remember this common mistake.

2

4o

YA a, =
# 0%

This formula was obtained by assuming that the gjpeeonstant. Do not use it in a non-
uniform circular motion, where the speed changes.
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$ ')
An object is sliding on a spherical surface. What the
tangential acceleration and the magnitude of nofaraé

when the object is at the position shown in thg@im?

Forces Acting on the Object

The forces acting on the object are:

1) The weight (ng) directed downwards.
2) A normal force Ey) perpendicular to the surface.

Sum of the Forces

Using the axes shown in the diagram, the sums ef
forces are

F. =mgcos(- 50)
F, =mgsin(- 50 )+ F mg

Newton’s Second Law

With a centripetal acceleration in the oppositedtion to the/-axis and a tangential
acceleration in the direction of tlxeaxis, Newton’s second law gives

F.=mg ® mgcos- 50F ma

2
F,=ma, ® mgsin(- 50} K=- mVE

Solving the Equations

With the first equation, the tangential acceleratan be found.

a = gcog(- 50)
= 6.299n

The normal force can be found with the second éguat

V2
Fy =-mgsin(- 50} m=

m 2
= - 8kgx9.8; >sin( -50) - &gx%

=60.06N - 4N
=20.06N
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If the speed had been higher, say 7 m/s, the ndora@ would have been

V2
Fy =-mgsin(- 50} m=

m)2
= - 8kgx9.8{L >sir( -50 - &gx%

=60.0eN - 78.4N

=-18.34N
This answer is impossible. It means that to haisedincular motion at such a speed, the
normal force must pull on the object, somethingoammal force cannot do. There is,

therefore, a lack of centripetal force. Thus, thgeot would not be able to make a circular
motion with such a small radius, and it would le#ive surface of the sphere.

I$ ',

This pendulum has a speed of 6 m/s when the ai
between the rope and the vertical is 30°.

a) What is the magnitude of the acceleration
the mass at the end of the rope?

To find the acceleration, the two componer
of the acceleration are needed. Those
components are the centripetal and tangential eateins.

The centripetal acceleration is easily found with

V2
a =—

r
(62)°
4m

—_ m
=91

I3

To find the tangential acceleration, the sum offtirees
on the object must be calculated.

&
Y d
Forces Acting on the Object \//’
There are 2 forces acting on the object.
mg (300

1) The weight fng) directed downwards.
2) The tension forcely).
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Sum of the Forces

Using the axes shown in the diagram, the sumseofdites are
F. = mgcos(- 120)
F,=mgsin(-120)+ T

Newton’s Second Law

With a centripetal acceleration in the direction tbé y-axis and a tangential
acceleration in the direction of tleaxis, the equations are

F=mg ® mgeos(- 120F ma

2
F,=ma ® mesin(- 120} E mVE

Solving the eguation

The tangential acceleration can be found with tfs¢ €quation.

a = gcos(- 120)
=-49m

With tangential acceleration, the magnitude of tibt@l acceleration can now be

found.
a=ya +a

=[o2) +(492)
=10.252

b) What is the angle between the velocity of the naaskthe net force exerted on the
mass?

As the force and the acceleration are in the sameetthn, the answer to this
guestion can be found by searching for the angied®n the acceleration and the
velocity. As the velocity is in the direction ofetk-axis, the answer to this question
can be found by searching for the angle betweer-tha@s and the acceleration.

However, the angle between the acceleration ventdrthex-axis can be found
with

tang = &
a,
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With our choice of axes, the tangential accelematothex-component, and the
centripetal acceleration is tgecomponent.

Therefore,

a,

g = arctan
a

gm
=arctan—f‘2m

=118.6¢

(180° were added to the answer given by the calmutance thex-component is
negative.)

6.6 GRAVITATION AND CIRCULAR ORBITS

Now we will take a look at the circular motion djjects orbiting a planet or star. We will
first see how the study of this movement led todiseovery of the law of gravitation.
Then we will find formulas for the speed and thegxof objects in orbit.

This is how Aristotle explainegSpheres supporting
o the planets

gravitation. The four elements of th

Greeks each have a natural place in

universe. Starting from the center of tf

universe, there is earth, then water, th

Lunar
sphere

Moon

Fire

Air

air and finally fire. According to this '@@@{' ,
theory, a stone falls to the ground whe Earth

it is lifted into air or water because th
stone, mainly composed of the ear
element, falls back to its natural plac
In the same way, fire in air rises t
return to its natural place, which i elrgtidl
above the air. Tived : region

stars sphere

Sublunar
region

Planet

Y. Gingras, P Keating, C. Limoges, Du scribe awas&vEditions du boréal, 1998

Then there are the planets that revolve aroundedreh. This means that there is a clear
separation between 2 parts of this universe. Instlidunar world, the natural motion of
objects is to go up or down according to their cosition. In the heavens, the natural
motion of the planets is a circular motion aroulnel tenter. There are therefore 2 regions
where the laws of physics are very different.
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Since force was associated with speed, it was seges Force
to find out how the planets could move to revol A \
around the Earth. For a long time, they were logkor

a force acting in the direction of the speed. When

force is associated with velocity, there had t@lferce

acting on the planets in the direction of their imot It

was even imagined at some point that angels ex#igc o

force! As can be seen, planets are not attractedrtts
the center in these ancient models.

#

With the discovery of the law of inertia (beginning the 17" century), they began to
understand that objects must movaistraight line if nothing alters their motion. If the
planets are moving in a circular motion rather thraa straight line, then there must be a
centripetal force that causes them to constan@yga direction.

In fact, it took almost a century to arrive at areot analysis of the motion of orbiting
planets. It all starts with the discovery of thenfala for centripetal force. Huygens
discovered in 1659 that the tension of the rope tib&ds a rotating object at the end of a
rope must be proportional to/T2. However, Huygens never thought of using his
discoveries to study the motion of orbiting planets

After the publication of Huygens’s work in 1673 ns®,
such as Robert Hooke, Edmund Halley, and Christog i
Wren, used Huygens’s discoveries to study the airk Force /
motion of the planets. They understood, around 1€ /
that the force on the object in orbit must be di&dc /

towards the centre. They were beginning to undedst |

that this means that the Sun attracts the plantidtie ! o

Solar System.

Halley and Wren even concluded that the force ntgde
the Sun must diminish with the square of the distar
To reach this conclusion, they started with Huy¢en. T e
result

r
Next, a law that Kepler discovered for planetsssdi In 1618, Kepler had noticed that

3
r
F = constan
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for all planets revolving around the Sumig the radius of the planet’s orbit amds the
rotation period around the Sun). As this relatiogmsheans that

rPuT?
the force formula can be written in the followirgym.

r

FHF

r .
Fu— (Kepler's law is usec
r

1

Fu z
In 1684, Halley asked Newton what the orbits of phenets would be if the gravitational
force varied with IR. This request launched Newton, who had not ba&rdasted in
mechanics since the late 1660s, in a very thorstugty of the orbits of planets. This study
leads him to a complete overhaul of mechanicsabsbciates force with acceleration and
culminate in 1687 with the publication of Newtortteok, which revolutionized physics
forever.

Newton can go even further. With his new laws othamics, he discovers that the force
on the planet must also be proportional to the noasise object on which the force acts
(so that the masses cancel each other ot #1 ma, giving all the objects the same
acceleration in free fall).

m

Fob

But there’s more. According to Newton’s thir -

) : m m
law, if the planet having a mass exerts a force 7
on the planet having a mass, then the planet

: _ —_— D S
having a massn exerts the same force on tr F F
planet having a massn. As the force is
proportional to the mass of the planet it acts * 7
and as the force is acting on the two masses, Lo

the force must be proportional to both masses.

Fouth

>
>

This is Newton’s law of gravitation. The resulciear. The Sun is not the only object that
attracts the planets. All the massive objects e uhiverse attract all the other massive
objects in the universe with a gravitational forddis is the universal gravitational
attraction. It still took a lot of audacity to sthat all masses attract each other because it
is not at all obvious that all objects attract eather. A banana does not seem to be
attracted by an apple placed nearby, but this &t wie law of gravitation says. Of course,
it was understood that the attraction was too wealke perceived and it took nearly a
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century before someone (Henry Cavendish) managemeasure this small force of
attraction between objects of a few kilograms.

In fact, the idea of gravitational attraction wdsanitirely new. Gilles Personne de Roberval
(1644) and Robert Hooke (1665) had already fornedldhe idea that all objects in the
universe attract each other (but without arriving gormula for force).

Newton’s law of gravitation leads to a great urafion in physics. In Aristotle’s system,
there was gravitation near the Earth made by th&agpositions of the 4 elements inside
the orbit of the Moon (which was called th&blunar regiohwhile there was no gravitation
beyond the orbit of the Moon (which was called bHeavens There was a separation
between these 2 regions. The physics was not the sathese 2 regions. With Newton,
this separation between the sublunar world anchdavens is not needed anymore. The
force of gravity acts on objects near the surfdcthe® Earth and on the Moon following
exactly the same laws.

/1

In the equation

The proportional to sign can be replaced by a constant of proportignédalled G) to
obtain the following law.

Law of Gravitation (General Formula)

1) Magnitude of the force

whereG = 6.6743x 101! Nmz2/kg?

2) Direction of the force

Attraction of the two masses one towards the other.

3) Application point of the force
From de centre of mass
(More details in chapter 11)
(Note thatr is the distance between the centres of the planets

For those interested, here are some historicaldates about the discovery of the law of
gravitation.
https://physique.merici.ca/mechanics/notesG-eng.pdf
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1 2 3

The law of gravitation states that the force ofvgedion decreases with

distance. As we move away from the Earth, the ¢gonal force made
by the Earth decreases. However, the force is lille great even when outside the
atmosphere. The following image shows the grawaiteti force made by the Earth on a
10 kg object at different distances from the Earth.

26.0N 11.8 N 6.7N 43N 30N 22N

6000 km 12000 km 18000 km 24000 km 30000 km 36000 km

&4 # L. 1
5 |/ &4 1$ 3
&4

Intuitively, people suspect that the Earth exeftsee on the Moon and that the Moon also
exerts a force on Earth. However, many would say tihe Earth exerts a much greater
force on the Moon than the Moon exerts on the Haettause it is more massive. Admire
the answers of some people in this video.
https://www.youtube.com/watch?v=8bTdMmNZm2M

Of course, all this is false; the force must hdneedame magnitude according to Newton’s
third law.

1$ ')

A 350 kg meteorite is 10 000 km from the centrehaf Earth. What is the magnitude of
the gravitational force made by the Earth on théeorée knowing that the Earth has a
mass of 5.9728 10** kg?

The magnitude of the force is
—omm
F = Gr—2

 350kgx5.9722' 18 kg
(10000 16m)’

=6.6743 10"

=139\
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1 n

The gravitational force on an object of masmade by a planet (or star) of mass

can be written in the following form.
Gravitational Force (General Formula)

F, =mg

whereg is defined as the magnitude of the gravitatioretifmade by the planet (or star).

Magnitude of Gravitational Field Made by a Planet Wth a MassM,,

GM
g=—7>

r

In fact, the calculation of gravitational force mmmass was separated into two steps:

1) The gravitational field made by the planet or ptane calculated at the position
where the mass is.

2) Gravitational force on the massis calculated withFy = mg

I$ ''*

A 350 kg meteorite is 10 000 km from the centréhef Earth. The mass of the Earth is
5.9722x 10°*kg.

a) What is the magnitude of the gravitational fielddedy the Earth at the location
of the meteorite?

The magnitude of the field is

— Mp
Q—Gr—z

5.9722 16kg

=6.6743 10 Ny .
(10 000 16m)

kg2

=3.986!
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b) What is the magnitude of the gravitational forcedmay the Earth on the
meteorite?

The magnitude of the force is
F, =mg
= 350kg x3.986};
=139\
Why separate the calculation in this way since @arecalculate the force directly (as was
done in the previous example)? It's a good thinddsince once we know the magnitude

of the gravitational field in one place, the gratiinal force can be simply calculated with
Fy = mgfor different masses without having to redo thg dalculation with the mass and

radius of the planet (as we have done since chéjpter

These formulas can be applied to find the grawateti force made on an object by any
planet (or star).

s

A 10 kg stone is on the surface of the Moon. Theswd the Moon is 7.34610° kg, and
the radius of the Moon is 1737 km.

a) What is the magnitude of the gravitational fieldtbe surface of the Moon?

The magnitude of the field is

g = G M;\AOOT’I

RMOOH
7.346 16%kg
=6.6743 10" Mrx

(1737 16m)’

=1.625%

kg

b) What is the magnitude is the gravitational forcelenby the Moon on the stone?

The force is
F, =10kg.625%
=16.25\

The weight near the surface of the Moon is abaunés smaller than the weight near the
surface of the Earth becaugés only 1.6 N/kg at the surface of the Moon. Oa Moon,
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the mass of the object is the same as on EarththButveight is approximately 6 times
smaller. You can see what happens with a smal&iityron the Moon in this video.
https://www.youtube.com/watch?v=HKdwcLytloU

1 2 3 !
In Chapter 4, we had a different version of the tdwravitation
F, =m>0.8¢

We have this formula because the forcégds- mgand the magnitude of the gravitational
field on the Earth’s surface is

g = GM_ZE
Re
A
=6.6743 104 ﬁgfx5'972'2 16 kg
(6371 16m)
=9.81

The value ofyis 9.8 N/kg or 9.8 m/s2 only near the Earth’s acef Away from the Earth’s
surface g will take on another value. Thereforeis not really a constant as one who had
done only chapters 1 to 5 might think.

Even ifF =m -9,8 N/Kkg is very different from the law of genegahvitation, this formula

is easily found from the general formula. The folatu=m -9,8 N/Kkg is just one specific
case of the general formula. For the scientistdefton’s time, this is a real revelation.
Before Newton, it was not obvious that the forcat tkeeps the Moon in orbit around the
Earth had the same origin as the force that draxswards the ground. Newton began to
understand that it was the same force in 1666r(aéeing an apple fall to the ground, it
seems). It was not until 20 years later that Nevpiarved it. It is a beautiful unification of
physics on Earth and in the heavens.

The field decreases as we move away from the Easthface. For example, at an altitude
of 100 km above the Earth’s surface, the valug isf

g= Gr—zp
5.9722 16k
=6.6743 10 ymx>2122 —7 50
(6471 16m)
=9.58

(r is not 100 km as it is the distance between thecdlat an altitude of 100 km and the
centre of the Earth, i.e. 6371 km + 100 km.)
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It can be seen tha decreases quite quickly with altitude. Basicatlye value ofg
decreases at a rate of 0.0031 N/kg per kilometae the Earth’s surface. An object should
not reach an altitude of more than a few kilometoeassume thaj is a constant worth
9.8 N/Kkg.

3 n n 6 n . &

Now, let’'s go back to the problem of orbits, theyvene that set Newton on the path to the
discovery of the law of gravity (although we’'re pigjoing to explore circular orbits while
Newton has made a much more complete solution).

For an object in a circular orbit around a planetacstar, the force of gravity is the
centripetal force.

This means that o P
GM,m_ v’ i/ ‘

The mass of the planet or star at the centre obrbie ,) M,
is calledM, for central mass } :

The object in orbit must have a very precise otbi 4« 4
speed to follow a circular orbit.

If the previous equation is solved fgrthe result is

Speed of an Object on a Circular Orbit

V=

r

The time required to go around the orbit once ieddhe periodr. This period is

_distance_  pr
speed GM,
r

T

Simplified, this is
Period of an Object on a Circular Orbit

r3

GM

T=2p

C

This formula is often called Kepler’s third law senKepler discovered in 1618 thi&ta r3
for planets orbiting around the Sun.
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$ 4

Knowing that the Earth revolves around the Sun aifheriod of 365.2566 days and that
the radius of the Earth’s orbit is 149 600 000 kalculate the mass of the Sun.

The mass is found with

r.3

GM,

(149 600 000 1%)11)3
365.2566¢ 24x60 %60
6.6743 10" \xM,

T=2p

M, =1.9885 1&kg

The law of gravitation is used to find the masslbthe planets, stars and galaxies in the
universe.

&4 & 7
3 n

The object must have a very precise speed forli$ t be circular. However, no harm is
done if the speed is not exactly equal to the spegdired to make a circular orbit. If the
velocity of the object is too small, we hav~

GM.m_ V
>

r? r

. . Too slow her
This means that there is an excess B e

centripetal force. In this case, the obje
makes a circular motion while movin
towards the centre of the orbit. This exce
force does not necessarily mean that i
object will crash on the central mas
because the object will gain speed as 1t
approaches the central mass and the gravitatiora tvill increase, thereby changing the
relation between the centripetal and gravitaticioates. Later, the gravitational force
becomes smaller than the centripetal force andlfect moves away from Earth again to
eventually follow an elliptical orbit.

If the speed is too high, we have
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GM.m _V
>~ <m—
r r

This means that there is a lack

centripetal force. In this case, th

object makes a circular motion whil Voo fisthers
moving away from the centre of th ) Ve

orbit. This lack of force does no

necessarily mean that the object w

get lost in space because the obje

will lose speed as it moves awa

from the central mass and th

gravitational force will decrease

thereby changing the relation

between the centripetal and gravitational forcestet, the gravitational force becomes
greater than the centripetal force and the objeptaaches the Earth again to eventually
follow an elliptical orbit.

The resulting trajectories will be examined in mdegails in chapter 14.

&4 L& # 0

This is not obvious but objects in orbit are fraélifig. To prove this, suppose that balls
are launched horizontally from the top of a verghhcliff, but at different speeds. There
are no drag forces in these situations.

The first ball is thrown with a relatively smallesgd.
This is a projectile that falls with a trajector
bending towards the ground resembling the p a3
shown in this diagram. As all projectiles, thislhsl ,(
free-falling. ‘

slid.es/tofergregg/gravity-and-fluid-dynamics/falleent#/22

If the ball is thrown with more speed, we still kaa free-falling ball. The path then looks
like the path shown in this diagram (where the atuke of the Earth is much exaggerated).
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The ball was thrown with so much speed that thevature of the Earth begins to be
significant. The ball still curved towards the gnol but the ground also curves. In this
case, the ball eventually hit the ground.

If the speed is further increased up to the speqdired for a circular orbit, the following
situation is achieved.

The trajectory of this free-falling object stillmes towards the ground because of the force
of gravity. However, the ground also curves so tih@bbject is always at the same distance
from the ground. Thus, the object, even if it eehfalling, never hit the ground and moves
continuously on its circular orbit.

So, why doesn’t the Moon fall towards the Eartihig attracted by the force of gravitation?
Just as the ball from the last example, the Moondsed free-falling, but it never hits the
Earth because gravity only curves the trajectorthefMoon so that it does not approach
the Earth.

The following clip gives you the same explanation.
https://www.youtube.com/watch?v=MpiknSRTmT4

Often, it is said that there is a balance betwesmrifugal F«enmfugm
and gravitational force for objects in a circulabig as .
shown in the diagram to the right. ~»_‘j%
This cannot be correct since the centrifugal fafoes not \7V;are|;,1e

exist. Moreover, if these two forces were to carezath
other, the sum of the forces would be zero andbthect |
would move in a straight line. A circular path canive v
obtained if the sum of the forces is zero becahisentould
be in obvious contradiction with Newton’s first law

xp.hauduroy.free.fr/Mise_en_orbite.htm:
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32 3

It is possible to place a satellite at just théntridistance from Earth so that its period is
24 hours (actually 23 h 56 min 4 s). The satethin rotates around the Earth at exactly
the same rate as the Earth rotates on itself argdalwvays remains above the same spot on
Earth. In other words, the satellite always seesstime side of the Earth. These satellites
are important because their positions can easifpined since they are always in the same
direction in the sky. Once an antenna is adjusiqmbint towards the satellite, it is always
in the right direction. If the satellite were orbd faster or slower, it would be necessary
to constantly change the direction of the antemneeteive the signal. This little video
gives you an animated version of this explanation.
https://www.youtube.com/watch?v=sj7zsGkpZxg

1$ ',

How far from the surface of the Earth should synobus satellites be placed and what
should be their speed knowing that the mass oEtréh is 5.972% 10?4 kg?

Using the period formula, the distance can be found

T =
20 GM

c

r3

6.6743 10" NTx 59722 Ttkg

kg

24x60 B =27\/
r=4.2241 10m= 42 24dm

All synchronous satellites have this orbital radids the Earth has a radius of
6371 km, they are thus 35 870 km away from theHEadurface.

The orbital speed of these satellites is

V= -
r

_ \/6.6743 104 8mx 59722 TFokg

kg?
4.2241 10m
=30720 = 11059~

All synchronous satellites have this speed.

There are, therefore, two very busy locations adotine Earth to place satellites. Most
satellites are placed close to the Earth (whichhisaper) or in synchronous orbit. The
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following diagram showing the
position of satellites around the Ear
illustrates this. Most of them are ve
near or at a distance where t
satellites have a 24-hour period.

maps.esri.com/rc/sat2/index.htmi

SUMMARY OF EQUATIONS

Equations of Circular Motion

Radial direction (towards the centre or away frdme tentre)

F=mag

Tangential direction (in the direction of veloctdyopposite to the direction of velocity

F=mag
Third axis
In these notes, the acceleration is always zetloardirection of this axis.
F=0
Uniform Circular Motion
2 2
a, =y or a, = 4¢2r If the axis points towards the centre.
r
V2 4p°r o
a =-— or a.=- = If the axis points away from the centre.
r
a =0
Non-Uniform Circular Motion
V2
a, =— If the axis points towards the centr
r
V2
a =-— If the axis points away from the centre
r
a*t0
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Law of Gravitation (General Formula)

1) Magnitude of the force

whereG = 6.674x 101! Nmz2/kg?

2) Direction of the force
Attraction of the two masses one towards the other.

3) Application point of the force
From de centre of mass

Gravitational Force (General Formula)

F,=mg

g

Magnitude of Gravitational Field Made by a Planet With a Mass

GM
9=—> °
Speed of an Object on a Circular Orbit
GM,
V=
;
Period of an Object on a Circular Orbit
r.3
T=2
P GM, /'
p 4
EXERCISES
/,/ : e // \\\
1 ( % | x' // \:
1. This 200 kg sled moves along a track with a stesadyed $T\\\
of 34 m/s. ="
a) What is the magnitude of the centripetal force ,/”;‘\
when the sled is the bend with a 33 m radius? ' A

b) What is the magnitude of the centripetal force <. "
when the sled is the bend with a 24 m radius? o

whs.wsd.wednet.edu/Faculty/Busse/MathHomePage/tlasses/apphysics/studyguides/chapter5/apphysic26056.php
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2. A car going at a steady speed of 120 km/h takes\sec
with a 100 m radius. The road is not banked. Whie
minimum value that the coefficient of static frani
between the tires and the road must have so thatah
takes this curve without slipping?

www.uxl.eiu.edu/~addavis/1350/06CirMtn/FlatCurveht

3. Asmall 200 g block is placed on a turntabl :
10 cm from the axis of rotation. What is tr
rotation period if the block is travelling at th
maximum speed that it can have witho
slipping off the turntable if the coefficient o
static friction between the block and the tak

is 0.6?
B
B
R b\'._
v=120 mf".a N\
4. In the situation shown in the diagram, what ¢ | b m
the normal forces exerted on the 1000 kg cau |
points A and B?
v= 120 mlu":: 5
: —Il“—h- r
www.chegg.com/homework-help/questions-and-answeysips- & g’é;‘."‘_— o
archive-2011-october-07 A
B
"0, 0%
v
e e
I!
5. How fast must this car go in order to stay 5 m/
contact with the track at the top of its trajecto e
(point B)?
IV
=4
; i“'}i
A
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6. A car passes on a banked rogd-(20°) having a radius of= 80 m. The road is so
icy that there is absolutely no friction
between the road and the tires. Hc
fast must this car go to take this cun
without slipping? 0/

N

R R,

7. A 1200 kg car passes on a banked rc
(g=30°) having a radius @f= 80 m.

a) What is the force of friction
exerted on the car if the car’s speed is 100 m/s?

b) What is the force of friction exerted on the cahé car’'s speed is 10 m/s?

8. Here is a 1200 kg car running on a verti
wall.

The coefficient of static friction between t
tires and the wall is 0.8, and the radius of
track is 5 m.

www.mazda.com.au/community/news/2012/4/mazda2-censgtine-wall-of-death

a) What is the minimum speed that the car must hawbatat does not slip?

b) What is the magnitude of the normal force exertethe car if the car’s speed
is equal to the minimum speed?

9. The person in this ride has a mass of 60 kg.

mail.rdcrd.ab.ca/~smolesky/Physics35/1) KinCirc/Déyml

a) What is the tension of the rope?

b) How long does it take for this person to go arothedride once?
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10.What are the tensions of the strings in the
following system?

11 When this cone turns at the rate of 2 revolutiosrs p
second, the small block does not slide on the cone.
If there is no friction between the block and the
cone, what is the value &P

www.chegg.com/homework-help/questions-and-answaedlslock-mass-
m-placed-inside-mv-cried-cone-rotating-verticalsatime-one-revolution--
q7837211

", 0%

12 A small tube takes compressed air to a 3 kg blodkat the compressed air propels
the block and gives it a tangential acceleratidre Block is placed on a table, and
there is no friction between the block and the
table. Here’s this situation, viewed from the
top. Initially, the block is at rest and the air
stream exerted a 1.5 N force on the block.

Neglect the mass of the tube.

a) What is the acceleration of the block
2 seconds after the start of the motion?

b) What is the tension in the tube 2 seconds
after the start of the motion?
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13 Here’s Gontran, whose mass is 65 kg, playing
Tarzan.

a) What is the magnitude of Gontran’'s
centripetal acceleration?

b) What is the magnitude of Gontran’s
tangential acceleration?

c) What is the magnitude of Gontran’'s
acceleration?

d) What is the tension of the rope?

www.chegg.com/homework-help/questions-and-ansveers/mass-460-kg-needs-swing-river-having-widthHeefi
person-eating-crocodiles-save-tar-q2225989

i 1 n . &
Use the following data for these exercises.

Earth Mass = 5.972210** kg
Radius = 6371 km

Moon Mass = 7.348 10°? kg
Radius = 1737 km
Distance between the Earth and the Moon = 384 400 k

Mars Mass = 6.418% 10”3 kg
Radius = 3386 km

14 What is the gravitational field 1000 km above Eargurface?

15.A 70 kg person is on the surface of Mars.

a) What is the gravitational field at the surface cdirsr?
b) What would be the weight of the person on the serfs Mars?

c) This weight represents what percentage of the weifgthe person on Earth?

To answer the next two questions, you should ki the field is the vector sum of the
fields made by each planet. The gravitational faddtor is always directed towards the
planet that makes the field.
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16 How far from the Earth does the gravitational figlwhish between the Earth and
the Moon?

17 Wwhat is the magnitude of the gravitational
field at the position shown in the diagram?

18 Calculate the mass of the Earth knowing that th@Mievolves around it with a
27.32-day period on an orbit whose radius is 382 1.

19.0 orbits Jupiter with a 1.796-day period on anitondose radius is 421 700 km.

Ganymede also orbits around Jupiter but on an attiise radius is 1 070 400 km.

a) What is the period of Ganymede?
b) What is the orbital speed of Ganymede?

20.The Apollo capsule was orbiting the Moon at antadé of 100 km above the
surface. How long did it take for the Apollo capstd go around the Moon once?

21 How far from the surface of the Earth should alkt#teébe placed so that it goes
around the Earth in 2 days?

(Questions more difficult than the exam questions.)

22 A rope loop having a 50 cm radius and a 6 kg
mass is spinning at a rate of 4 revolutions per
second. What is the tension of the rope?

www.shutterstock.com/pic.mhtml?utm_medium=Affili&tem_campaign=Publicdomainvectors&tpl=241614-
42119&utm_source=241614&irgwc=1&id=176570504
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23.n the situation shown in the diagram, the springstant
is 2000 N/m and the length of the spring when itagher
stretched nor compressed is 80 cm. What is thetHeoig
the spring if this system rotates at 10 revolutipessecond
and if it is in a spaceship far away from all stangl planets
(so there is no gravity)? (There is no friction.)

www.chegg.com/homework-help/mechanical-tachometessures-rotational-speed-n-
shaft-hori-chapter-6-problem-159p-solution-9781 11E851-exc

1 ( %
1. a) 7006 N b) 9633 N
2. 1.134
3. 0.8194 s
4. Lowest point: 38 600 N higher point: 19 000 N
5. 7m/s
6. 16.89 m/s
7. a) 124 023 N downhill b) 4581 N uphill
8. a)7.826 m/s b)14 700N
9. a)1391N b)4.52s

10.47.51 N (lower string) and 86.71 N (upper string)
11.10.75 cm

Y, 0%

12.2) 0.9718 m/s2  b) 2.5 N
13.2) 20 m/s2  b) 6.299 m/s2  c) 20.969 m/sP) 1788 N

1 ! L&

14.7.336 N/kg

15.a) 3.737 N/kg b) 261.6 N c) 38.1%
16.346 024 km from the Earth’s centre
17.2.429x 10° N/kg

18.6.03x 10** kg

19.a) 7.263 ) b) 10.72 km/s

20.1.963 h

21.60 683 km

22.301.6 N
23.40.263 cm
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