Chapter 12 Solutions

1. As the Earth makes one rotation in 24 hours, the angular velocity is

AB
0w=—
At
_ 2z
24-60-60s
=7,272x107 24

2. a) The angular velocity is

W= a,+at
=02l 50010
— 504

b) The angular displacement is

— 1L 2
0=6,+wt+5ot

52

= Orad + 02105 +%-5 wd . (10s)”

=250rad
Therefore, the number of revolutions is

250rad
2ﬂ' rad

revolution

=39.79 revolutions

¢) The time required to make 50 revolutions (1007 rad) is
0=6,+at+iar’

1007zrad =Orad+0%-t+%-5’;‘—§’-t2

1007zrad =%-5’f—f-t2

t=11.21s
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3. First, let’s find the angular velocity in rad/s.

2rrad 1 minute
. =47 rad

s

@. = 12()evolutions — 19 () zevolutions
0

minute minute

1 revolution 60s

2xwrad ‘ 1 minute Sz

W= 80 revolutions 80 revolutions |

minute minute

Irevolution  60s I

Therefore
1
6=6, +5(a)+ @,)t

=0rad +l'(47£%+%”%) -20s
> : :

— 200z

2Erad

Therefore, the number of revolutions is

207 rad

2 T rad

revolution

=1 revolutions

=33.33revolutions

4. a) The angular position at =5 s is

=104t 0.5
=1044.55-0.524 . (55)"
=37.5rad

Therefore, the number of revolutions is

37.5rad
27-[ rad

revolution

=5.968revolutions

b) The average angular velocity is
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_ A6
0=—
At
_37.5rad
5s

=750

c) First, the formula for the angular velocity is found by deriving the formula for the
angular position
de
w=—
dt
d (10241 -0.52 1)
- di

=102d —11d .y

Therefore, the angular velocity at t =4 s is

w=102L —] 2 ¢
=102 ]2 4

— G Lad
_6S

d) First, the formula for the angular acceleration is found by deriving the formula for
the angular velocity

dw
oa=—
dt
d (10 — 1 .q)
B dt
=]

The angular acceleration at ¢ = 4 s is therefore - 1 rad/s2.

e) We have
w=1024 ] rd ¢
02 =102d ] 1 .
t=10s

5. a) The speed of the ends is
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V=ar
=27 . 2m
=12.5662

b) The angular acceleration of the rod is found with

w=a,+ot

27 rad — d
FHe =24+ o-0.2s

a=-25.13144 (872d)

c¢) The centripetal acceleration of the ends of the rod is

2

2
a, _v a, =a’r
" s or =(27 %)2 2m
(472)
= ~——=78.964% =78.96%
2m
d) The tangential acceleration of the end of the rod is
a, =ar
=-25.13%-2m
=-50.274
e) The acceleration of the end of the rod is
a=.\a’ +a
= J(78.962) +(50.272)

=93.62

6. As the rope tied to the 20 kg block is wound around the pulley at a distance of 25 cm
from the axis, the displacement of the pulley at 25 cm from the axis of rotation must
be the same as that of the block. This displacement is

As =rA@
= 0.25m-(200°"fg—§‘)‘3)
=0.8727m
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8.

According to the direction of rotation of the pulley, the block moves upwards.

As the rope tied to the 30 kg block is wound around the pulley at a distance of 50 cm
from the axis, the displacement of the pulley at 50 cm from the axis of rotation must
be the same as that of the block. This displacement is

As =rA@
= O.SOm'(200°"l’g—§§Z[)
=1.745m

According to the direction of rotation of the pulley, the block moves downwards.

As the rope tied to the 20 kg block is wound around the pulley at a distance of 25 cm
from the axis, the speed of the pulley at 25 cm from the axis of rotation must be the
same as that of the block. This speed is
VvV =r
=824.0.25m
=2

According to the direction of rotation of the pulley, the block moves upwards.

As the rope tied to the 30 kg block is wound around the pulley at a distance of 50 cm
from the axis, the speed of the pulley at 50 cm from the axis of rotation must be the
same as that of the block. This speed is
VvV =r
=8.4.0.50m
=4z

According to the direction of rotation of the pulley, the block moves downwards.
a)

The speed of the centre of mass of the wheels is obviously the same as that of the
car. Therefore
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=

_ 40z
0.40m
=100

b) The acceleration of the centre of mass of the wheels is obviously the same as that
of the car. The car’s acceleration is

2a(x—x,)=v>—v;
2-a-(160m—0m)=0—(402)’

a=-5%

Then

_ -5n
0.40m
=—12.54

9. a) The angular acceleration of the pulley is

20(0-6,) = @ -y
2-a-(1207rad —Orad ) = (107 24)” — (37 24)’
a=1.1912

b) The number of revolutions is found with

2“(0—00): wZ _wg
2:1,191:%.(0—0rad) = (375%)2 —0
6 =37.28rad =5.934revolutions

10. a)

As the acceleration changes, the problem must be separated into parts where the
acceleration is constant.
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First phase: a = 8 rad/s? (duration 4 s)

At the end of this phase, we have

0=, +at
=02l g rad . 4
— d
=32z

0=6,+ar+tar’
= Orad + 024 . 45+ 18224 . (45)’
=64rad

Second phase: & =0 rad/s? (duration 1 s)

The angular position at the end of this phase is
0=6,+at+iar’
= 64rad +32%-1s+%-org—lf-(1s)2
=96rad
Therefore, the number of revolutions is

96rad
2 T rad

revolution

=15.28revolutions

b) Since the rod turned only 64 rad = 10.2 revolutions during the first part, it is clear
that the 100th revolution will be made during the second part. The exact moment
is

0=06,+at+iar’
2007zrad = 64md+32%-t+%-org—f-t2

564.32rad =324 ¢
t=17.635s

With the 4 seconds of the first phase, the total time is therefore 21.635 s.
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11. a) We have

OR, = o,R,
407[%-0.25m =w,-0.15m
W, = 209.44% =2000RPM

b) The speed of the chain is the same as the speed of the edges of the pulley. You can
take any of the two pulleys to make the calculate.

v=0R, V=0R,
=125.6624.0.25m or =209.4424.0.15m
=31.4162% =31.4162%

12. a) The moment of inertia is

1= Z“mr2
=120kg - (1.5m)" +120kg - (1.5m) +120kg - (1.5m)’ +120kg - (1.5m)’
=1080 kgm?

b) The kinetic energy is

1
E =—I&
2

=%-1080 kgm?- (2w 22)’

=852.73J

(We could also find the speed of the cars with v = @r to get 1.885 m/s, and then
the sum of energy Y¥2mv? of cars to obtain 852.73]J.)

13. a) The moment of inertia is

I = Z“mr2
=0.2kg -(0m)’ +0.2kg - (0m)” +0.3kg - (0.15m)” +0.3kg - (0.15m)’
=0.0135 kgm?
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b) The kinetic energy is

1
E =—I&
2

=%-o.01351cgn12-(2%)2

=0.027J

14. a) The moment of inertia is

I= Z:mr2
=1kg-(0.2m)’ +2kg -(0.2m)’ +3kg -(0.2m)" + 4kg - (0.2m)’
=0.4 kgm?

b) The moment of inertia is

I = Z:mr2
= lkg-(0.2828m)’ +2kg - (0m)’ +3kg -(0.2828m)” + 4kg - (0m)’
=0.32kgm?

15. First, the position of the centre of mass must be found. Let’s take an axis that goes
from one mass to another with x = 0 at the location of 100 g the mass. There we have

_xm +x,m,

o m, +m,
_ 0m-0.1kg +0.6m-0.2kg
- 0.1kg +0.2kg

=0.4m

The 100 g mass is therefore 40 cm from the axis of rotation, and the 200 g mass is
20 cm from the axis of rotation. The moment of inertia is then

I = Z:mr2
=0.1kg -(0.4m)” +0.2kg - (0.2m)’
=0.024kgm?

The total kinetic energy is then
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1 1
E =—mv. +—I&’
2 2

=%-O.3kg (102)* +%-0.024 kgm?-(20224)’

=15J+4.8J
=19.8J

16. a) The rotational kinetic energy can be found with

E =llco2
2

k rot

First, the moment of inertia can be found. For a rod, it is

=0.25kgm?

The angular speed must now be found. It is found with the speed of the two ends
of the rod. This rod moves and turns at the same time. As the top of the rod goes
faster, it turns in a clockwise direction. The speed due to translation is v, . The

speed due to rotation is v, , .

For the top of the rod, the speed due to translation is towards the right and the speed
due the rotation is also towards the right. Thus, these two speeds add up.

m —
3 ch + VV'UT

s =

For the bottom of the rod, the speed due to translation is towards the right and the
speed due the rotation is also towards the left. Thus, these two speeds are subtracted

2=y —v

s cm rot

By subtracting these two equations, the speed due to rotation can be found.
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3%_1% = (ch +vror)_(vcm _vr"’)
2% = 2Vrot

—1m
Vior = lT

The angular velocity can now be found.

vr{)l :a)r
12 =w-0.5m

— d

=21

Therefore, the rotational kinetic energy is

Ek rot = lla)z
2

2%'0.25kgm2-(2%)2

=0.5J

b) The kinetic energy due to the linear motion is

1

_ 2
E k trans — E my.,

To find it, the speed of the centre of mass is needed. It can be found with

m —
3_ ch +VVUT

=
3=y +12
v =2

cm

'«;lg

Therefore, the kinetic energy due to the linear motion is

2
my

cm

1
k trans — E
1 3kg - (2m)2
2
6

c¢) The total kinetic energy is
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Ek = Ekmz + Ek trans

=0.5J+6J
=6.5J

17. As the axis of rotation does not pass through the centre of mass of the sphere, the
moment of inertia of this sphere is

I = Icm sphere + mdz
:ngz +md’®
5
2

=<2k -(0.06m)" +2kg - (0.03m)’

=0.00468kgm?

18. This object consists of a rod and two spheres.

As the axis of rotation passes through the centre of mass of the rod, the moment of
inertia of the rod is

I, =1

1~ “emrod

1
=—ml

12

1 2
— 15ke-(0.8

1y 15ke(0.8m)

=0.8 kgm?

As the axis of rotation does not pass through the centre of mass of the sphere to the
right, the moment of inertia of this sphere is

I,=1 +md’

cm sphere

As the axis of rotation does not pass through the centre of mass of the sphere to the
left, the moment of inertia of this sphere is
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13 = Icm sphere + mdz
=2mR2 +md’

5

2

=< 10kg (0.12m)” +10kg -(0.52m)’

=2.7616 kgm?

The total moment of inertia is therefore

I=1+1+1,
=0.8kgm?+2.7616 kgm?+2.7616 kgm?
=6.3232 kgm?

19. This object consists of a rod and two disks.

As the axis of rotation passes through the centre of mass of the rod (which is
considered to be a cylinder because the axis is in the direction of the rod), the moment
of inertia of the rod is

I =1

cm cylindre

1

=—mR®

The mass of this piece must be found. The mass is

m= p-volume
=p-xrl
= 50004 . 7-(0.05m)" -0.1m
=3.927kg

The moment of inertia is therefore

1
I, =—mR’
2

=%-3.927kg -(0.05m)’

=0.0049 kgm?
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As the axis of rotation passes through the centre of mass of the disk to the right, the
moment of inertia of the disk is

I, =

~

cm cylindre

mR?

N |~

The mass of this piece must be found. The mass is

m= p-volume
=p-7ril
=50004%. 7-(0.2m)" -0.04m
=25.13kg

The moment of inertia is therefore

1, _Lg
2

=%'25.13kg-(0.2m)2

=0.5027 kgm?

The calculation is the same for the disk to the left.
1, =0.5027 kgm?

The total moment of inertia is therefore

[=1+1,+1,
=0.0049kgm?+0.5027kgm?+ 0.5027 kgm?
=1.0102 kgm?

20. This object consists of an empty cylinder (the side) and two disks (the top and the
bottom).

As the axis of rotation passes through the centre of mass of the empty cylinder, the
moment of inertia of the side of the tin can is

I=1

cm hollow cylindre

= mR*
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The mass of this piece must be found. The mass is

m=0-area
=0-2xrh
=10-%-27-0.04m-0.09m
=0.2262kg

The moment of inertia is therefore

I, =mR’
=0.2262kg -(0.04m)’
=3.619x10™ kgm?

As the axis of rotation passes through the centre of mass of the top, the moment of
inertia of the disk is

L=1

cm disk

1
=—mR’

The mass of this piece must be found. The mass is

m=o0-area
=oc-7r’
=104 7-(0.04m)”
= 0.05026kg

The moment of inertia is therefore

1, _ LR
2

:%-0.050261@ -(0.04m)’

=4.021x107 kgm?
The calculation is identical for the bottom disk.

I,=4.021x10" kgm?
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The total moment of inertia is therefore

I=1+1,+I,
=3.619%x107* kgm?+4.02x107° kgm?+4.02x107° kgm?
=4.423x10™ kgm?

21. Asthereisa single object that rotates around an axis without moving, the mechanical
energy is

mec

E =%Ia)2+mgy

Instant 1: beam in the position shown in the figure.

Then, the rod does not rotate so that @ = 0. It remains to find the height of the centre
of mass, which is at the centre of the rod. This height is

y=3m-sin 60° =2.598m
The mechanical energy is therefore

1
E251w2+mgy

=0+100kg -9.8-2.598m
=2546.1J

Instant 2: just before the beam hits the ground.

Then, the height of the centre of mass is zero and the mechanical energy is
’ 1 /2
E=—I1w"+mgy
2
|
=—Iw” +0
2

Mechanical Energy Conservation

According to the law of conservation, we have
E=F

25461J::%1af2
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To resolve this problem, the moment of inertia of the beam when the rotation axis is
not at the centre of mass must be found. This moment of inertia is

I=1,+md’
:imL2 +md*
12

=é-100kg -(6m)’ +100kg - (3m)’

=1200 kgm?
The mechanical energy conservation equation then becomes

2546.1J = %Ia)’z

2546.1J = % 1200 kgm?- &

@ =2.0624

Therefore, the speed of the tip of the beam

V=Qr
=2.062.6m
—12.362

22. As there is a single object that revolves around its centre of mass while moving, the
mechanical energy is

I, 1 >
E =—mv_ +—1 o +m
2 cm 2 cm gy

mec

As the ball is a sphere that rolls without slipping, the mechanical energy is
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I, 1 )
E =—mv. +—1 w +m
mec 2 cm 2 cm gy

1, 1(2 \v. Y
E =—mv. +—|—mr 9| +m

1
E =—mv> +—mv’ +m
mec 2 cm 5 cm gy

T s
=—my,, +mgy

mec
1

Instant 1: ball at the position shown in the figure

Then, the ball does not move and so v, = 0. It remains to find the height of the
centre of mass. The similarity with a pendulum motion allows us to find the height
with the formula

y=R(1-cos8)=1m(1-cos45°)=0.2929m

(The origin y = 0 is thus at the height of the centre of the ball when it is at the bottom
of the bowl.)

The mechanical energy is therefore

7T 5
E=—mv: +m
o en T IEY

=0+0.8kg -9.84--0.2929m
=2.296J

Instant 2: ball at the lowest point

Then, the height of the centre of mass is zero and the mechanical energy is

’ 7 7”2 ’
E=—mv_ +m
10 &
7

= 0.8ke 12 +0
10 08 Ve

=0.56kg v

Mechanical Energy Conservation
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According to the law of conservation, we have

E=E
2.296J =0.56kg -v'>
v =2.025%

College Mérici, Quebec City

23. As there is a single object that revolves around its centre of mass while moving, the

mechanical energy is

I, 1 >
E =—mv. +—1 o +m
mec 2 cm 2 cm gy

As the log is a cylinder that rolls without slipping, we have

I, 1 >
E =—mv. +—1 o +m
mec 2 cm 2 cm gy
1 1(1 v Y
E =—mv’: +=| —mr? | +m
mec 2 cm 2(2 j( r j gy
E :lmv2 +—mv> +mgy
mec 2 cm 4 cm

Epee =7 my_, +mgy

Instant 1: log at the top of the slope

Then, the log moves at v, =5 m/s.
The height of the centre of mass, 400 m uphill on a 40° slope, is
y=400m-sin 40° =257.1m

(The origin y = 0 is thus at the bottom of the slope.)

The mechanical energy is therefore
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E= %mvfm +mgy

:%.40001@ (52)° +4000kg - 9.8 -257.1m

=75000J +1.008x10" J
=1.01539%x10"J

Instant 2: log at the bottom of the slope

Then, the height of the centre of mass is zero and the energy is

E = émvfn +mgy’
4
3 ”
= - 4000kg 17} +0

=3000kg -V

Mechanical Energy Conservation

According to the law of conservation, we have

E=E
1.01539x10"J =3000kg - v
Vv, =58.182

24. There are two objects here. A mass which moves in a straight line and a pulley that
revolves around its centre of mass without moving. The mechanical energy is
therefore

1 1
Emec = Emlvlzcm +mlgyl -|_512cma)22 + mZgyZ

We now place the y = 0 for the pulley on the axis of rotation of the pulley, which
eliminates the last term.

As the string must have the same speed as the 5 kg block, the edge of the pulley has
the same speed as the 5 kg block. Therefore

%
— _lem
W, =——
n
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The mechanical energy is then

1 2 2
Emec = Emlvlcm + ml gyl += IZcma)Z

Instant 1: mass at rest

At this instant, the mass does not move so that v, = 0. We also choose the origin
y = 0 for the mass at the initial position of the mass. The mechanical energy is
therefore

1 1
E = 5 myv. +m gy, + " myv.

=0+0+0

Instant 2: mass 8 m lower

Then, the mass is 8 metres lower so that y = -8 m. The mechanical energy is therefore
’ 1 ’” ’ 1 72
E zzmlvlcm +mlgyl +Zm2vlcm

lem lem

=%-5kg V7 +5kg '9.8%'(—8m)+%'10kg V2

=5kg v, —392J

Mechanical Energy Conservation

According to the law of conservation, we have

E=F
0=>5kg-v> —392J
v, =8.8542
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25. Asthereis a single object that rotates around an axis without moving, the mechanical
energy is

mec

E =%Ia)2+mgy

Instant 1: object in the position shown in the figure.

Then, the rod is not turning, and therefore @w= 0. We now choose an origin y = 0 that
runs along the rod in this position, so that the centre of mass is at y = 0 m initially.
The mechanical energy is therefore

E=%1w2+mgy
=0+0

Instant 2: the rod is vertical

Then, the mechanical energy is
’ 1 ) ’
E = > lw~ +mgy

There are two things that must be found: the moment of inertia of this object and the
height of the centre of mass.

This object consists of a rod and a disk. In both cases, the axis of rotation is not at
the centre of mass. Therefore

I =1__ +md*

rod cm rod

:imL2 +md?
12

= é-O.ZSkg -(0.8m)” +0.25kg - (0.4m)’

=0.05333kgm?
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I 1 +md?

disk = cm disk

1
=—mr*+md’

:%-O.6kg (0.2m)" +0.6kg - (1m)’

=0.612kgm?
Therefore, the total moment of inertia is

I=1_,+1

rod disk

=0.05333kgm’ +0.612kgm?
=0.66533kgm’

For the height of the centre of mass when the rod is vertical, the rod is replaced by a
point mass at the centre of mass of the rod and the disk is replaced by a point mass
at the centre of the disk. With the origin y = 0 at the axis of rotation, the position of
the centre of mass is

_ o + y,m,
m, +m,
(-0.4m)-0.25kg +(—1m)-0.6kg
0.25kg +0.6kg
=-0.8235m

y cm

The mechanical energy is therefore

E = % -0.66533kgm?- @’ +0.85kg - 9.84% (—0.8235m)

=0.33267kgm?- @* —6.86J

Mechanical Energy Conservation

According to the law of conservation, we have

E=FE
0=0.33267kgm?- " —6.86.J
o =4.541 24
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26. There are four objects here. Two masses that move in a straight line, a pulley that
revolves around its centre of mass without moving and a spring. The mechanical
energy is therefore

1 1 1 1
Emec :Emlvlzcm +m1gyl +§m2v§cm +m2gy2 +5130ma)32 +m3gy3 +5kx2

We now place the y = 0 for the pulley on the axis of rotation of the pulley, which
eliminates the sixth term.

As the two blocks are connected by a rope, they must have the same speed. Let’s call
this velocity v. This means that

vlcm = v2€m =V

The mechanical energy is now
mec 3cm

1 1 1 1
E :Emlv2 +m, gy, +Emzv2 +m,gy, +§I @; +§kx2

As the rope must have the same speed as the blocks, the edge of the pulley has the
same speed as the blocks. Therefore

The mechanical energy then becomes

2
1 1 1(1 v) 1
E,. = my’ +mgy,+—my’ +m,gy, +§(5mgrfJ(Zj ke’

! ! 1 1
Emec :Emlvz +m1gy1 +§m2v2 +m2gy2 +Zm3v2 +5kx2

Instant 1: 36 kg block at its highest point

Then, the blocks do not move and therefore v = 0. We then choose an origin y = 0
for each block located at the initial position of each block. Finally, spring is not
stretched, which means that x = 0. The mechanical energy is therefore

1 1 1 1
E =§mlv2 +m, gy, +§m2v2 +m,gy, +Zm3v2 +§kx2

=0
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Instant 2: 36 kg block 1 m lower

Then, block 2 is 1 m lower, whereas block 1 remained at its y = 0 m. The spring is
now stretched 1 m. The mechanical energy is thus

’ 1 ’ , 1 , , 1 , 1 ,
E :Emlvlfm +m gy, +5m2vlfm +m,g8y, +Zm3vlfm +§kx ’

2

=%-12kg v +0+%-36kg-v'2 +36kg-9.8%-(—1m)+%- 20kg v +%- 200 (1m)

=6kg -v* +18kg -v* —352.8J +5kg -v"* +100J
=29kg -v* —252.8J

Mechanical Energy Conservation

According to the law of conservation, we have

E=F
0J =29kg -v*—252.8]
V=295

27. Taking the clockwise direction as the positive direction, the net torque is

T =0T +7, 17,
=-30N -2m-sin135°+ 25N -0m+10N -2m -sin160°
=-35.586 Nm

28. Taking the clockwise direction as the positive direction, the net torque is

T.,=0717,+7,
=—12N-0.15m-sin90°+10N -0.35m-sin 90° +9N -0.35m - sin 90°
=4.85Nm

29. Taking the clockwise direction as the positive direction, the torque exerted by the
160 N force is

2026 Version 12 — Rotation 25



Luc Tremblay College Mérici, Quebec City

Tnet = F’l
=—160N -0.165m
=-26.4Nm

30. The angular acceleration is found with

=lx

net

First, the moment of inertia of the rod must be found. The rod rotates around an axis
that is not at the centre of mass. The moment of inertia is therefore

I=1,+md’

=émL2 +md’®

= é'IOOkg -(6m)’ +100kg - (3m)’
=1200kgm?

Once the rope broke, gravitation is the only force that exerts a non-vanishing torque.
With a positive direction in the clockwise direction, the torque is

7=Frsin@
=980N -3m-sin 30°
=1470Nm

Thus, the angular acceleration is

T.,=la
1470Nm =1200kgm’ -
a=1.225%

31. a) The angular acceleration is found with
=la

net

With a positive direction in the counterclockwise direction, the torque is
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T=17+7,
=—100N -0.3m-sin90°+120N - 0.3m - sin 90°
=6Nm

Thus, the acceleration is

T.,=lo
6Nm =0.5kgm’ -«
a=124

b) The angular speed of the pulley is

0= aq,+at
=30 g oad 1220105
=172,36
=1646RPM

32. At equilibrium, there is no angular acceleration and we have

T.,.=lo
=0

With a positive direction in the clockwise direction, the net torque is
T=17+7,
= (120kg -9.8-L)-Im -sin 90° - F -0.5m -sin 90°
=1176 Nm—F,-0.5m

Since the net torque must be zero, we have

0=1176Nm—F,-0.5m

F, =2352N
Therefore, stretching the spring is
F, =kx
2352N =10004 - x
x=2.352m
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33. The angular acceleration is found with

T =l

net

The only forces that acts on the wheel somewhere else than at the centre of the wheel
are the normal force and friction force (both made by the axe), which are exerted on
the circumference of the wheel. The normal force has a magnitude of 160 N and the
friction force has a magnitude of 96 N (0.6 - 160 N).

With a positive direction in the direction of the rotation of the wheel, the net torque is

T=17,+7,
=160N -0.35m-sin0°—96N -0.35m - sin 90°
=-33.6 Nm

Thus, the angular acceleration is

T =la

net

net

T =—mr'a
2

~33.6Nm =%-50kg (0.35m)" -«

a=-10.9724

The angular speed of the pulley will be 10 rad/s after

W=, + ot
1024 =302 +(-10.97 24 ) - ¢
t=1.823s

34. While the speed of the wheel increases, there is the applied force (which is a torque
that we will call z,,,) and friction force that acts on the wheel. Therefore

T, =la
T,,t7,=1la
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For the moment, we cannot do much with this equation because there are two
unknowns (the two torques).

Then the deceleration phase of the wheel follows. During, this phase, only the friction
force acts on the wheel.

T.,=lo
T, =la

With this last equation, we can know the torque exerted by the friction force. With a
positive direction in the direction of rotation of the wheel, the acceleration during the
slowing-down phase is found with

0= o, +at
0244 =304 4 ¢-120s
a=-0.25%

The torque exerted by the friction force is therefore
T, =la

= 0.5kgm?-(~0.254.)
=—0.125Nm

We can then return to the first phase of the motion. During this phase, the acceleration
is

W= o, +at
302 = 02 4 - 10s

o =31
Therefore

T, +7T,= la
7, +—0.125Nm = O.Skgm2 . 3—‘1
7, =1.625Nm

35. a) The forces on the log are: the weight, the normal force and the friction force.
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As the log make a translation motion and a rotating motion, the sum of the forces
and the sum of the torques must be made. Here, the centre of mass of the object
must be taken as the axis of rotation since the axis is not fixed. The equations are
therefore

> F,=mgcos(—50°)— F, = ma
D F,=mgsin(-50°)+F, =0

> 7= mgx0 + F,Rsin0° + F,Rsin90° = [

In this last equation, the distance is zero for the torque exerted by gravity, because
force is applied at the centre of mass and the axis of rotation is also at the centre of
mass. The angle is zero for the torque exerted by the normal force, because the
force is directed exactly towards the centre of mass. (You can also see that in this
case, the lever arm is zero when the force is directed towards the axis of rotation.)
The only remaining torque is due to the force of friction. The friction force is the
only force which makes the log spins. If the friction is removed, the log will simply
slide without revolving.

Using the rolling without slipping condition a,,, = @R and the moment of inertia
of a cylinder, the sum of torques becomes

FfRsin90° =la
(o)1)
2 R

F.=—ma
F 7

It is the force of friction required so that the log rolls without slipping.

The acceleration can then be found using the sum of the x-components of the
forces.
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mg cos(—50°)~ F, = ma
Mgcos(—50°)—%7na ="a
g cos(—50°) = a+%a
gcos(—50°)=%a

a =§g cos(—50°)

Since cos (-50°) = cos (50°), the acceleration is

a= % g cos(50°)
2
=§-9 82 cos(50°)
=424
b) The force of friction on the log is
1
F.=—ma
2

F :%mgg cos(50°)

1
F, :gmg cos(50°)

As this is static friction, this force must be less than the static friction maximum.
This means that

%mg cos(50°) <, F,

The normal force can be found with the sum of the y-components of the forces.

mg sin(-50°)+ F, =0
F, =-mgsin(-50°)
F, =mgsin(50°)

Therefore
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%Mcos(50°)SySMsin(50°)
) 21005(50 )
' 3sin(50°)
4, 202797

Therefore, the minimum friction coefficient is

u,.. =0.2797

36. As the block moves in a straight line and does not rotate, only the sum of the forces
on the object must be done. The forces on the object are the weight, the normal force,
and the tension of the rope. With an x-axis directed downhill, the equations are there

ZFX :mlax

— 49N -cos(—60°)-T =mya,

LF, =ma,

— 49N -sin(=60°)+ F,, =0

(Actually, the sum of the y-components of the forces there will be useless here, it only
allows to find the normal force and there is no need to know this force here.)

The cylinder rotates and does not move is a straight line. In this case, only the sum of
the torques must be done. The forces on the cylinder are the weight, the normal force
made by the axle and the tension of the rope. As the weight and the normal force are
exerted on the axis of rotation, these two forces do not exert any torque. Only the
tension force exerts a torque. With a positive direction in the anti-clockwise direction,
the sum of torques is

T.,=1la
Trsin90° =l

The edge of the cylinder must have the same acceleration as the rope, which must
have the same acceleration as the block. Therefore

a
o=—
.

Using the moment of inertia of the cylinder, the sum of torque on the cylinder becomes
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Our two equations are thus
49N -cos(—60°)-T=ma and T = %mza
Substituting the second equation for 7 in the first, we obtain
1
49N - cos (—60°) 5 ma=ma
1 o
ma +§m2a = 49N -cos(—60°)
1 o
(ml +§m2j-a =49N -cos(—60°)

(Skg +%'10kgj'a = 49N - cos (—60°)

a=245%

37. As the block moves and does not rotate, only the sum of the forces on the object must
be done. The forces on the object are the weight and the tension of the rope. With a
y-axis directed upwards, the sum is

2. F, =ma,

——49N+T =5kg-a

The pulley rotates and does not move in a straight line. In this case, only the sum of
the torques must be done. The forces on the cylinder are the weight, the normal force
exerted by the axle and the tension of the strings. As the weight and the normal force
acts on the axis of rotation, these two forces do not exert any torque. Only the torques
exerted by the tensions of the strings remains. With a positive direction in the anti-
clockwise direction, the sum of torque is

net = Ia
=T -0.5m-sin90°+ 200N -0.25m -sin 90° = 8kgm? - &
=T -0.5m+200N -0.25m = 8kgm?-
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As the rope connected to the block is wrapped 50 cm from the axis of the pulley, the
tangential acceleration of the pulley at 50 cm from the axis must be the same as the
acceleration of the block. Therefore

a

a =
0.5m

The sum of torques on the cylinder then becomes
—T-0.5m+200N -0.25m =8kgm?- &

~T-0.5m+200N -0.25m = 8kgm?-

Sm
=T -0.5m+50Nm =16kgm-a

Our two equations are thus

—A49IN+T =5kg-a and -T-0.5m+50Nm =16kgm-a
If we solve for T in the first equation and substitute in the second equation, we obtain

—(5kg -a+49N)-0.5m+50Nm =16kgm-a
—2.5kgm-a—24.5Nm+50Nm =16kgm-a
25.5Nm =18.5kgm-a
a=1378%

38. As the 20 kg block moves and does not rotate, only the sum of the forces on the object
must be done. The forces on the object are the weight and the tension of the rope.
With a y-axis directed upwards, the sum of forces is

2L F, =ma,

— —196N +T1, =20kg - a,
As the 30 kg block moves and does not rotate, only the sum of the forces on the object

must be done. The forces on the object are the weight and the tension of the rope.
With a y-axis directed downwards, the sum of forces is

ZFy =ma,

— 294N -T, =30kg - a,
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The pulley rotates and does not move in a straight line. In this case, only the sum of
the torques must be done. The forces on the cylinder are the weight, the normal force
exerted by the axle and the tensions of the strings. As the weight and the normal force
are exerted on the axis of rotation, these two forces do not exert any torque. The
tensions of the strings are thus the only forces exerting a torque. With a positive
direction in the clockwise direction, the sum of torque is

T, =lo
—1;-0.25m-sin90° + T, - 0.5m - sin 90° = 8kgm? - ¢
—1,-0.25m+T, -0.5m = 8kgm?- o

As the rope connected to the 20 kg block is wrapped 25 cm from the axis of the pulley,
the tangential acceleration of the pulley at 25 cm from the axis must be the same as
the acceleration of the 20 kg block. This means that

q

o =
0.25m

The equation of the forces on the 20 kg block then becomes

—196N +T, =20kg - q,
—196N +T, =20kg - &-0.25m
—196N +T, =5kgm - o

As the rope connected to the 30 kg block is wrapped 50 cm from the axis of the pulley,
the tangential acceleration of the pulley at 50 cm from the axis must be the same as
the acceleration of the 30 kg block. This means that

a=-2_
0.5m

The equation of the forces on the 30 kg block then becomes

294N —-T, =30kg - a,
294N —-T, =30kg -a-0.5m
294N -T, =15kgm -«

We thus have the 3 following equations.

—196N +T, =5kgm - o
294N T, =15kgm-«
—1,-0.25m+T, -0.5m = 8kgm?- o
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We can then solve for both tensions in the first and second equations and substitute

the results in the third equation. We then obtain

~T1,-0.25m+T, -0.5m = 8kgm?- &

—(5kgm-a+196N)-0.25m+ (294N —15kgm - &) -0.5m = 8kgm? - o

—1.25kgm’* - ¢ —49Nm +147Nm —7.5kgm” - o = 8kgm?
98Nm =16.75kgm?- o

a=5.8514
Thus, the accelerations are
a=—2
0.25m
5.8512 =4
‘ 0.25m
a, =1.463%
and
a=_"_
0.5m
5.8514 =2
‘ 0.5m
a, =2.925%

39. Here are the forces acting on the ball.

Only the friction force exerts a torque on the ball. Therefore,
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=la

net

FfRz[ngzja
- 5

2 o
mER=| SmR* |

u,mgR = (%msza

=28
2 R

The friction also slows down the ball. Therefore,

—F; =ma
—u, Fy =ma
—u,mg =ma

a=—ug

Thus, the angular speed as a function of time is

0=, +at
w=0+2L8
2R
5
w="2HE,
2R

and the speed of the ball as a function of time is

v=yv,+at

V=V, —u, 8t
When the ball rolls without slipping, the following condition applies.
vV=wR

Let’s find when this condition will be met.

College Mérici, Quebec City
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v=wR
Su.8
V) — M8t = 2;.(, 1R
Su, 8
Vo—ﬂkgt=Tkt
vy ——'uzkgt+,ukgt
U8
0 —( 2k +ukgjt
7
LY
2
= v,
T, g

At that time, the speed of the ball will be

V=V~ gt

2
V=V~ M8 Vo
Tug

40. a) First, the angular acceleration of the sphere is found.

T =la

net

0.45Nm = (% mr? j o

0.45Nm = @-mkg -(0.20m)2j-05

o =2.8125%4
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The angular displacement is then

0=06, +a)0t+%at2

=0+o+%-2.8125rg—;i.(los)2
=140.625rad

b) The work done by the torque is

W =1A0
=0.45Nm-140.625rad
=63.28J

¢) The angular velocity can then be found with the work-energy theorem.

W =AE,
:lla)’z—llcz)2
2 2

With a vanishing initial angular speed, we have

W = g mria’

63.28J :%-10kg (0.2m)* - &”

63.28J = 0.08kgm” - ™
@ =28.12524

Note that we can also use the angular acceleration to get

0=, +at
=O%+2.8125f§‘—§’-10s
= 28,1254
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41. The work is found with the work-energy theorem.

W = AE,
L L
2 2

With a vanishing initial angular speed, we have

The average power is therefore

=
At
_2526.6J
30s
=84.22W
42. We have
P=tw
274-746W =1 (2007[%)
7=325.32Nm

43. a) The work done by the motor corresponds to the energy change of the system

W,  =AE

ext mec

This system is composed of a mass that moves in a straight line and a rotating
pulley. The mechanical energy of this system is thus
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mec

| |
E =—myv +megy+—Iw
> ,8Y >

(The first two terms are for the block and the last one is for the pulley.)

The rope passing over the edge of the pulley, the edge of the pulley must have the
same speed as the block. This means that

Vv =r

Using the formula for the moment of inertia of a disk, the mechanical energy
becomes

mec

1 1(1 v
E . =—myv +mgy+—|—mr || —
mec 2 1 lgy 2(2 2 J(rj

1 1
E =§mlv2 +m1gy+zm2v2

| R |
E =—myv +mgy+—I1w
> gy 5

mec

Putting the origin y = 0 at the initial position of the block, the initial mechanical
energy is zero since the speeds are also zero at the beginning.

E=0

Once the block has risen 4.5 m, the mechanical energy is

1 1
E =§mlv2+mlgy+zm2v2

=%-5kg .(32)" +5kg '9.8%-4.5m+%'10kg (32)°

N

=265.5]
The work is therefore

W

ext

= AEmec
=E-E
=265.5J -0J
=265.5J

b) The average power is
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p=
At
_265.5J
3s
=88.5W
c¢) The instantaneous power is
Pm()f = Tmuta)
The angular speed is found with
v=ar
32 =®-0.4m
w="7.5
To find the torque, we will use
net = Ia
The angular acceleration is
w=w,+at
7.504 = (04 + ¢r-3s
a=2544
This means that the net torque is
T.,.=lo
=—mr’a

:%-10kg'(0.4m)2 2.5

=2Nm

This net torque comes from two torques: the torque exerted by the motor and the

torque exerted by the tension of the rope.

Tner = Tmor + TT
=z —T-0.4m-sin90°
=7, .—T-04m
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(A positive direction in the direction of rotation of the pulley is used.)
The tension can be found with the equation of the forces on the block.
T—-49N =5kg-a

As this block has reached a speed of 3 m/s in 3 seconds, its acceleration is 1 m/s?
and the tension is

T —49N =5kg-12
T =54N

Therefore

T=T. —1:04m
2Nm=1,_ —54N-0.4m

mot

T, =23.6Nm
The power is therefore
Pm()f = Tmuta)
=23.6Nm-7.52
=17TW
44. The angular momentum is
L=1w
= imL2a)
12

:%-0.3@ (2m)’ - (47 2ed)

=1.2566%~

s

45. Angular Momentum at Instant 1
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L=L

disk 1

=10+ 1,0,

+L

disk 2

I, |
:Emlri 2 +Eml’i ,

= O+%'0.5kg -(0.15m)" 3.5

=0.01969 &

N

(The positive direction is in the direction of rotation of the bottom disk.)

Angular Momentum at Instant 2

’ ’ ’
L'=L,4+ Ly,
=10+ 1,0

1

1
= Emlrlza)’+§mlrlza)'

:%.o.lkg -(0.14m)’ a)'+%'0.5kg (0.15m)’ - &'

=0.00098kgm?- @ +0.005625kgm? - @
=0.006605kgm? - @/

Angular Momentum Conservation

L=L
0.01969 2 = 0.006605kgm? - &/
@ =2.982L

46. Angular Momentum at Instant 1

L = Lrod + Lbullet
=lw+mvr
=0+0.01kg - 4002 1m

— A kgm?
=4 -

(Our positive direction is in the clockwise direction.)

Angular Momentum at Instant 2
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L/:L/

rod
=l'w
= i]’}’l L2+m (lm)2 a)’
12 rod bullet
S ERT—
=0.81kgm?- &

Angular Momentum Conservation

L=L
4% — 0.81kgm?- &f

N

o = 493824

47. Angular Momentum at Instant 1

L=1w
=35kgm?- 4L
=1407 k2

s

(Our positive direction is in the direction of the rotation of the figure skater.)

Angular Momentum at Instant 2

L'=I'e
=8kgm?- @/

Angular Momentum Conservation

L=L
1407 = 8kgm? - af
@ =54.982L
@ = 8.75 revolusions
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48. a)

To find the moment of inertia, the position of the centre of mass of the two
astronauts must be found. Let’s take an axis going from Buzz to Allan with the
origin x = 0 where Buzz is. The position of the centre of mass is therefore

L =hm +x,m,

cm

m, +m,
_ 0+10m-80kg
120kg +80Kg

=4m

This means that Buzz is 4 m from the axis of rotation and that Alan is 6 m from the
axis of rotation. The moment of inertia is therefore

I =m7’ +myr;,
=120kg - (4m)’ +80kg - (6m)’
= 4800kgm”

b) When the rope is pulled, the centre of mass remains at the same position. As the
distance between the two astronauts is 4 m, we can say that Buzz is at position x
and that Allan is at position x + 4 m. Therefore

_am tnm,
o m, +m,
x-120kg +(x+4m)-80kg
T 120kg +80Kg
800kgm = x-120kg + (x + 4m)-80kg
800kgm = x-120kg + x - 80kg +-320kgm’

480kgm® = x-200kg

x=2.4m

Buzz is therefore at x = 2.4 m, which means that he is 1.6 m from the axis of
rotation (which is at the centre of mass). Allan is at x = 6.4 m, 2.4 m from the axis
of rotation. The new moment of inertia is therefore

[=mr’ +m,r;
= 120kg - (1.6m)" +80kg - (2.4m)’
=768kgm’

2026 Version 12 — Rotation 46



Luc Tremblay College Mérici, Quebec City

c¢) The angular momentum when the astronauts are 10 m from each other is

L=Iw
=4800kgm” -0.8 242
=38404

s

When astronauts are 4 m from each other, the angular momentum is

L'=I'e
=768kgm?- @/

From the conservation of angular momentum, we have
L=L
38404 = 768kgm? - &
@ =51

d) Buzz’s speed is
VvV =r
=524.1.6m

—Qm
_8S

Allan’s speed is
V=amr
=524.2 4m
=12z

e) Buzz makes a circular motion, and the tension of the rope is the centripetal force.
Therefore
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Note that it can also be done with Allan

T =
r

_ 80kg-(12)’
 24m
— 4800N

f) The kinetic energy when the astronauts are 10 m from each other is
E, = Ly
2
=%-4800kgm2 (0.8224)?
=1536J

When the astronauts are 4 m from each other, the kinetic energy is

E, L
2

=%-768kgm2 (5224)?
=9600.

The energy therefore increases by 8064 J.

g) Buzz does the work by pulling on the rope. Since
W =AE,

the work done by Buzz is 8064 J.

49. Angular Momentum at Instant 1
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L=Iw
= (Lo + Ly ) @

_(1 S+ s
- mdisque rdisque mma}ji rmmji

2
= G-zookg -(1.5m)” +60kg - (1.5m)2j-1.3%
= 468~

(Our positive direction is in the direction of rotation of the circular plate.)

Angular Momentum at Instant 2

L'=I'e
= (Idisque + Ir,narj ) a),

_ 1 2 72 /
- _mdisque rdisque + mmarj rmmji w

2

1 ,
= (5 -200kg - (1.5m)” +60kg - (0m)’ j W
=225kgm” - &/

Angular Momentum Conservation

L=L
468 = 225kgm? - &
@ =2.082L

50. a)

Two equations are used to solve this problem. The first is the equation for the
mechanical energy. The mechanical energy is the sum of the kinetic energy of
rotation and the energy of the spring.

126J=llaf+lkx2
2 2

The second equation is the equation of the sum of the forces acting on the masses.
As the spring makes the centripetal force, the force equation is
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2
1%

kx =m—

B
kx = ma’r

First, we solve for the angular speed in the energy formula

126J:lla)2+lkx2
2 2
, 2520 —kx?
w :f

Since the moment of inertia is
I = z mr* =2mr*
we have

o = 2520 —kx*

2
2mr

By substituting this value in the centripetal force equation, we obtain

kx =ma’r
_ 2
kx:m252J ka -
2mr
_ 2
kx:252J kx
2r

2kxr =252J —kx*

The radius is equal to half of the length of the spring. Since the length of the spring
is equal to its original length plus its stretching, we have

I”ZE(LO‘FX)
=l-(0.1m+x)
2
—0.05m+>

2

Our equation then becomes
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kxr =252J —kx?

Dk (0.0Sm +§j =252] — kx>

It only remains to solve this equation for x.

ko 0.1m+ kx” = 2520 — k'’
2kx” +kx-0.1m—252J =0
2-1200L - x* +1200L - x-0.1m—252J =0
24002 . x* +120N - x—252J =0

The positive solution of the quadratic equation is

x=0.3m

Therefore, the spring is stretched 30 cm.

b) If the stretching is 30 cm, then the total length of the spring is 40 cm, and the radius
of the path of each mass is 20 cm.

The angular speed is then easily found with

kx = ma’r
12004-0,3m =0.5kg - @” - 0.2m
@ =36002L
@ =604

51. There are 4 forces acting on cylinder 1. EV

1) The weight directed downwards T
2) A normal force directed upwards L =l
3) The tension of the rope towards the left
4) The force of friction towards the right > j o

f

With an x-axis towards the left, the sum of the x- mgy
component of the forces is

I,-F;, =ma
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As this cylinder must also roll, the torque acting on the cylinder must also be
considered. As the friction force is the only force making a torque, the sum of the
torques is

F,R=Ia

The moment of inertia is Y2mR? and the angular acceleration must be a/R (rolling
condition). Thus, the equation becomes

F,R=la

 a

Cylinder 2 will only rotate. The tension forces of the
ropes will make this cylinder spin. The sum of the torque
(using a positive direction in the counterclockwise
direction) is

-TTR+T,R=1cx
The moment of inertia is Y2mR? and the angular

acceleration must be a/R (rope over a pulley condition).
Thus, the equation becomes

~TR+T,R=1Ic

1
“TR+T,R=-mR><
2" R

=T, +T, =%ma

There are 2 forces acting on cylinder 3. T2

1) The weight directed downwards
2) A tension force directed upwards

With an x-axis directed downwards, the sum of the x-component of
the forces is

mg —1, =ma mg
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As this cylinder will not spin, there is need to make the sum of the torques acting on
this cylinder.

Our equations are

I, —F, =ma
1
Ffzzma
1
-1,+T,=—ma
2

mg—T, =ma

Finding the value of the force of friction from the 2" equation to substituting it in the
1*' equation, we obtain

I,—F;, =ma

1 —lma =ma
2

1 = 3 ma
2
We now have these 3 equations.
1, = Ema
2
1
-T,+T,=—ma
2

mg —T, =ma

If these 3 equations are added together, we get

T, +(-T, +T2)+(mg—T2):%ma+%ma+ma

mg =3ma
Therefore, the acceleration is
a=%
3

As 1.8 m has to be travelled with this acceleration from a zero initial speed, the final
speed is
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2a(x—x0):v2—v§

9.8

2 (1.8m—0m)=v>-0

v =11.762
v=3.4292

Alternate Solution

The mechanical energy of this system is

1 1 1 1 1 1
E,.. =§mvf +§Ia)12+mgy1 +§mv22+51w22+mgy2+5mv32 +§Ia)32 +mgy,

Energy at Instant 1 (at rest)

In the initial configuration, the speed and the angular speeds are zero. Taking y =0
at the original height of each cylinder, the mechanical energy is zero.

Energy at Instant 2 ( just before cylinder 3 hits the ground)

At this moment, cylinder 2 does not move and cylinder 3 does not rotate. Cylinders 1
and 2 remained at their y = 0, but cylinder 3 is now 1.8 m under its y = 0. Thus, the
mechanical energy is

’, 1 Ve 1 / 1 / 1 ’ ’
E =5mvl2 +51a)12 +516e)22+§m\/32 +mgy,

mec

For cylinder 1, the moment of inertia is ¥2mR? and the angular speed must be v/R
(rolling condition).

For cylinder 2, the moment of inertia is ¥2mR? and the angular speed must be v/R
(rope over a pulley condition).

The energy then becomes
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.1 11 11 (v} 1, ,
E., L =—myv +—-—-m|—| +—-—-mr’|—| +—mv " +mgy,
2 22 2 2 r 2
1 1

=—m? +—mv? +—mv”? +—mv"” + mgy;
4 4 2

2

) ’
=—mv- +m
> 8V

Mechanical Energy Conservation

The speed is finally obtained with the conservation of energy.

E =E

mec mec

0J = %mv'2 +mgy;

émv'2 =—mgy,
> 8Y3

2
) _~ ’
3 8Ys

<
Il
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