10 RELATIVITY

Ginette stays on Earth while Tony travels towardstar located 4.6 light-
years away from Earth. The speed of Tony’s shi@B% of the speed of
light.
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a) What is the duration of the trip according to Girtef?

b) What is the duration of the trip according to Tony?
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Significant Effects According to Prenewtonian Pbysi

Before the 1% century, very few people could accept the ideth@fEarth moving around
the Sun. Many opposed this theory because of fleetefwe were supposed to observe
according to the physics of the time if the Eastinevolving around the Sun.

In prenewtonian physics, speed is associated wittef This means that a force must be
applied on an object in order to move it. To illage the consequences of such a physics,
let’'s imagine that someone drops a stone on thengkavhile the Earth is moving. As long
as the stone is touching the hand of the persarguld be argued that the hand of the
person is exerting a force on the stone that alibtesmove at the same speed as the Earth.
However, when the person drops the stone, therddveuno longer any horizontal force
acting on the stone. According to prenewtonian msyshis means that the stone would
no longer be able to move forwards. The stone wdblketrefore, lose its horizontal speed
while the Earth would continue its motion. If itassumed that the duration of the fall of
the stone is 0.6 seconds, then we would have tleaviag situation.

t=04s

slid.es/tofergregg/gravity-and-fluid-dynamics/falieen#/22

Thus, the person on Earth sees the stone fall 8dtim. Actually, the stone would fall
very far behind since the Earth is moving at nedflykm/s. If it took 0.6 seconds for the
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stone to fall, then the Earth would have moved m8akile the stone remained at the same
x-coordinate. Therefore, the stone would fall 18lxehind the person. As objects do not
fall far behind us when we let them fall, this skealthat the Earth is not moving (according
to the physics of the time which associates forzespeed).

With similar arguments, a series of effects thatudth be observed if the Earth is moving

can be predicted. For example, there should benanemus wind on the surface of the

Earth. The air surrounding the Earth cannot mowh wie Earth because it is hard to

imagine how a force could push the air to mov8dt, the Earth is supposed to be moving
in air at rest, which would give the impressiontthi@ere is a continuous wind in the

opposite direction of the motion of the Earth.dtdertain that the presence of such a
continuous 30 km/s wind would be noticed.

Galileo’s Arguments in Favour of the Motion of fBarth

Galileo was the first to find convincing argumetdsshow that the Earth can be moving
without generating any dramatic effects. The exaeisoning of Galileo will not be

followed here because he used prenewtonian phystbsimpregnated forces, but the
conclusions will be the same.

Imagine what happens when Valteri drops a stone
from the top of the mast of a ship when the ship is
at rest. In this case, the stone strikes the gabin
above the last window.

www.relativityoflight.com/Chapter5.html

Now, let’s look at what happens if Valteri dropstane from the top of the mast when the
ship is moving. Some, intuitively using prenewtenpysics, would say that the stone will
fall a little towards the back of the ship becatlseship is moving forward while the stone
is falling. This isn’t going to happen. When Vaitkat go of the stone, the stone already
has a horizontal velocity equal to the velocitytlod boat. As no horizontal force acts on
the stone, it always keeps this same horizontadspaile falling. The stone is thus moving
forward at the same speed as the boat and theingsuoiotion is shown in the next figure

(where the boat is moving quite fast).
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ww.relativityoflight.com/Chapter5.html

First of all, it can be noted that the object hits boat at exactly the same place as it did
when the boat was at rest: above the last windaew®d from the boat, the fall is in fact
identical to what was seen when the boat was aitasghe stone falls, is always stays at
the same distance from the mast and hit the cddmaeathe last window.

Using such arguments, it is possible to argueithatpossible be on planet moving at a

constant speed without seeing any effects. Letstlis example of the person dropping a
stone on the surface of the Earth to show this.

slid.es/tofergregg/gravity-and-fluid-dynamics/falieen#/22

When the stone is in the hand of the person, tinel lexerts no horizontal force on the
stone. As the stone is going at the same spedtkdsarth and as this speed is constant,
there is no acceleration and, therefore, no force.
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When the stone falls, there is still no horizordate acting on it. This means that there is
no horizontal acceleration and that the horizospaled of the stone remains the same. The
x-component of the velocity of the stone is alwaynictal to the speed of the Earth, and
the stone advances at the same rate as the EarthmEans that the stone will hit the
ground in front of the person, exactly under thechaf the person. The same thing would
happen is the Earth was not moving.

In fact, it can be shown that everything that hayspen a planet moving at a constant speed
is identical to what happens on a planet at regh ¥ich arguments, the idea of a moving
Earth became a bit more popular (but the majofityre scientists of the time still did not
accept that the Earth is moving before the disgowéNewton’s laws).

These arguments are the basis of the principlelafivity. It was just shown that a person

on the ship sees the stone fall exactly in the saayewhether the boat is at rest or moving
at a constant speed. This means that there areweffects that appear when moving at a
constant speed. Everything happens as if the peveom at rest.

For example, we know how to pour a cup of coffeeun house (which is at rest). If, one
day, you become a flight attendant and you must pofiee into a cup in a plane moving
at a constant speed, do not change your habits: theucoffee on the plane in motion
exactly the same way as you do it at home. Thare r&eed to pour the coffee a bit in front
of the cup, thinking that the coffee will move tléi towards the rear of the aircraft because
of its motion. Pool (the game) is played exactly fame way on a plane travelling at a
constant speed as in a pool hall. There is no éction” to do because of the motion of
the plane.

In this video, a ball is dropped from a moving kud board was installed on the side of
the truck to give a reference for the motion of bladl. The ball stays in the middle of the
board as it falls, exactly as what would happethéf ball was released while the vehicle
was stopped.

http://www.youtube.com/watch?v=_ky-ITbNfeY

All this also means that if an observer is lockegide a plane in motion at a constant speed
without any window, it is impossible for the obserto tell whether the plane is moving
or not. If no new effect appears when in motiorergthing appears exactly the same way
whether the aircraft is moving or not. No experitnesmn show that it is moving.
http://www.youtube.com/watch?v=uJ8l4kh jto

This also means that if you close your eyes inrarcanotion (if you’'re not driving of
course), you won't be able to say whether the €anaving or not. You surely think that
any moron can tell whether the car is moving ostgpped, and that this is not true.
Actually, it is true. You would know that the capwes because the bumps on the road will
shake the car a little. However, we're saying hteg¢ the motion is undetectable if the

2018 Version 10-Relativity 5



Luc Tremblay College Mérici, Quebec City

speed is constant. If that is the case, you muagiime that you are travelling on a road
without any bumps because these bumps acceleetatin every direction. So you must
imagine that you are travelling on a freshly pavedd and that there is no bump
whatsoever. Then, it becomes more difficult to ifehe car is moving. You still hear the
air passing along the car, but this could be a \bilosving on the car at rest... It would be
more convincing with a spaceship. Then, there waneldho sound from the wind or the
road and it would be impossible to tell whethergpaceship is moving or not if your eyes
are closed.

The final argument that should convince you thahimg changes when moving at a
constant speed is the fact that we are a planetng@around the Sun at 29.8 km/s and
nothing peculiar happens. Even better, the Sunvesa@round the centre of the Galaxy at
240 km/s, and we do not notice this motion. Evenghhappens as if the Earth were at
rest.

If there are no new effects appearing at a constaeed, it is because the laws of physics
are the same for a moving observer. There are woforees that come into play, which
means that the laws are exactly the same. Thigus to the principle of relativity.

The Relativity Principle

The laws of physics are the same for all the olessrmnoving at
a constant speed.

The principle of relativity has an interesting cegsence: a physical phenomenon can be
described by taking the point of view of two di#fet observers in motion relative to each
other using the same laws of physics.

For example, Joe, on a plane, throws a ball irathend then catches it.

www.physics.uc.edu/~sitko/CollegePhysicsll/26-Rielty/Relativity.htm

2018 Version 10-Relativity 6



Luc Tremblay College Mérici, Quebec City

For Joe, the ball moves in a straight line, upwamts then downwards. If Bob, who is on
the ground, look at what Joe is doing, he will #ast the ball made a parabolic motion.
The descriptions are different, but the law forstiphenomenon is the same for two
observers: the ball falls down with a 9.8 m/s? deards gravitational acceleration.

Is one description better than the other? Notlacdording to the principle of relativity.
The description of the motion of the ball accordiogoe is different from the description
of the motion of the ball according to Bob, buisijust as good. All observers are on the
same footing according to relativity. Joe will dapt thex-component of the velocity of
the ball is zero, and Bob will say that this comg@ainis not zero. Who is right? Both are
right. The initial conditions of the motion can t#ferent from one observer to another,
but the laws of physics are the same. This meat®tten if Bob and Joe do not agree with
each other on the initial speed, they agree orfatiethat the acceleration of the ball is
9.8 m/s?2 downwards.

With Galilean transformation, the description gftenomenon according to one observer
can be obtained from the description of the samenpimenon according to another
observer.

An eventis something that occurs at a specific time arael It could be an explosion,
for example. To describe an event, the positionthedime at which the event occurred
must be given. If | tell you about an event thatweed on April 15, 1912, at 2:20 at
position 41°43%7 N 49°5649 O in the Atlantic Ocean, you know (maybe) that I'm
talking about the sinking of the Titanic. So, aremvis noted by its position and time
coordinatesy;, vy, z, 1. The event doesn’t have to be spectacular. Soensoeezing is an
event and the position and time of this event eandied.

An observer is someone who notes the position and the timehath events occur.
Observers can be moving relative to each other @rstant speed. According to the
principle of relativity, no observer is better thanother. All observers have different
views, but they all are equally valid.

Each observer uses an axes system which is différem the system used by other
observers. These are trederence frames If an observer is moving at a certain speed, its
axes system moves at the same speed as the obs&lheugh we don’t have to
necessarily do it, we can consider that each obsesvalways at the origin of his axes
system. Each observer will, therefore, note thétiposand the time of the events using his
frame of reference. Each observer notes differeatdinates, since the origins are not at
the same place for each observer.
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There is a difference here betwesgeingan event anabserving it. To illustrate this
difference, imagine that a 5 light-years distaat sixploded in 2012. (The light-year is a
unit of distance which corresponds to the distdaraeelled by light in one year. Since the
light travels at 300,000 km/s, this distance i$%4.0"> m). Then, it takes 5 years for the
light from the explosion to reach us, and the esiplois seen in 2017. However, when we
see the explosion in 2017, we can deduce thatqbleson actually occurred in 2012. So,
we seethe explosion in 2017 but wabserve with a little math, that it has occurred in
2012.

(Actually, the calculation can be a little more q@ivated than that if the source is moving.
Then, we must find the position of the source when light coming from it left. The
distance of the source when the light was emittadtroe used, not the current distance of
the source.)

Two observers observe an event. Bob is at restjaadhoves at a constant speg&alvards
the right. Each of these observers notes the posaind the time of the event with different
axes systems.

en.wikibooks.org/wiki/Special_Relativity/Print_véra

Bob’s axes system is stationary while Joe’s axetegay follows Joe and, therefore, travels
at a constant speedowards the right. Obviously, the two observerd mot note the same
values for the position of the event since theins@f the axes systems they use are not at
the same place. They will, therefore, disagreehendoordinates of the position of the
event.

Fortunately, laws to pass from Bob’s coordinate¥a®'s coordinates (or vis-versa) can be

obtained. If Joe tells Bob the coordinates of tliené according to him, then Bob can
calculate the coordinates according to his own athsthese formulas.
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en.wikibooks.org/wiki/Special_Relativity/Print_véra

The distance between the twaxes always increases since Joe moves towardgltie r
Assuming that the twg-axes were at the same placé=a0, the distance between the axes
isvt. The distance between txaxis and the eventisand the distance between thaxis
and the event ig. Similarly, the distance between tk@xes of both observer and the
event gives the values pfly andy). From the figure, it is easy to find that

X = XC¢+ vt

y=yt

These are the transformation laws. They are c@ldean transformationsThey can also
be inverted to calculate andy from x andy. The result is

Galilean Transformations

X = xC+ vt x¢& x- vt

=yt y&y
z z& 7

N <

There is a convention to determine which of the tliservers notes the coordinates with
primes. In our situation, Bob sees Joe travellowgrds the positive-axis. If the point of
view of Joe is taken, Bob is travelling towards tiegativex-axis.

en.wikibooks.org/wiki/Special_Relativity/Print_véra
The rule is

2018 Version 10-Relativity 9



Luc Tremblay College Mérici, Quebec City

Which Observer Uses Primes?

The observer who sees the other travelling towtrels
negativex-axis uses primes

So, Joe uses primes here. (Assuming, of coursethba-axis is pointing towards the
right.)

Many interesting results can be deducted from tieddean transformations.

For example, suppose that the observers are wagtehinoving object. The speed of the

object is denoted (because is already used to indicate the speed of Joe negpect to
Bob).

en.wikibooks.org/wiki/Special_Relativity/Print_vésa

The velocity of an object corresponds to the ratghach its position changes. Therefore,
according to Bob, the components of the velocigy ar

dt Yo dt

According to Joe, the components are

ug:d_xq: u(]::ﬂq:
dt Yoo dt

If the Galilean transformatioxn= x + vt is used, the result is

dx _ d(x¢+ vi)

dt dt

dx_ d¢, d(vy)

dt dt dt
u,=u¢+v
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Doing the same for the Galilean transformationtii@r coordinateg andz, the following
laws of transformation for the velocities are ohédl.

Galilean Velocity Transformations

u, =u¢+v u=u- v
u, = u¢ us=u
uZ = ug: u2¢: uZ

Once again, the two observers disagree on theityeldfoobjects. However, this is logical
as the next example illustrates.

Joe, who is on a train, throws a ball towards tbhatfof the train. If the speed of the ball
according to Joe is 30 m/s and if the train is ga@nh50 m/s according to Bob (dressed as
a girl here), what is the speed of the ball aceaydo Bob?

www.physics.uc.edu/~sitko/CollegePhysicsl|/26-Rielty/Relativity.htm

The speed of the ball according to Joel¢s 30 m/s.

(The speed of the object according to the obselgesbvays denoted with the letter
u. As Joe works with the axesandy, everything that Joe measures has a prime.)

The speed between the two observersa$H0 m/s.
(vis always the speed between the two observers.)

We are looking for the speed of the ball accordmBob which is .
(The speed of the object according to observeatnaysu. As Bob works
with the axex andy, everything that Bob measure doesn’t have a prime.)

According to the laws of transformation of veloes#tj the speed is

u,=ug¢+v
=302 + 502
=80u
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This makes sense. A ball thrown at 30 m/s towandgsront of a train moving at 50 m/s
has a total speed of 80 m/s for an observer ogrilvend who is looking at the train.

This video illustrates these velocity transformasio
http://www.youtube.com/watch?v=iHfCwJwdIv8

It is no big deal if the two observers do not meashe same speed since Newton'’s laws
are not centred on speeds. Even if there are samaptities that depend on speed in
Newton'’s physics, the principles of Newtonian plbgsare not affected. For example, two
observers will disagree on the momentum of theatbjpecause the speeds are different,
but this does not matter since they will still agren the conservation of the total
momentum of a system, and this is what is impoitaihtewton’s physics.

For Newton’s laws to be respected, the observerst mgree on the acceleration of an
object. Since the forces must be identical fortttobservers, then the accelerations must
also be the same for both observers. A differerm@ldvmean that Newton'’s laws are valid
only for one of these two observers and that tereld be restrictions on the use of the
Newton’s laws. Let’'s check this by finding the decation transformation laws. The
acceleration of the object, which is the rate aictvlthe velocity changes, is, according to
Bob,

According to Joe, the acceleration is

_ du¢ dug
A= dt a6 dt

The transformation equation for the acceleratioss obtained by deriving the
transformation equation for the velocity. For #ieomponent, the result is

du, _d(uf+v)
dt ~ dt

du, _ dL§}+d(v)

dt dt dt
a, = a¢

The derivativedv/dtis zero since Joe’s speed is constant. Proceedlitiggisame manner
for the transformation of the othewmponents of the velocity, the following transfation
laws are obtained.
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Galilean Acceleration Transformations

a =af al=a
a, =af ala
a,=a¢ at= a,

The components of the accelerations are the sanmftb observers. This means that the
forces, which are, of course, identical accordingbbth observers, give the same
acceleration. This implies that Newton’s laws aaéd/for both observers: the one at rest
and the one moving at a constant speed. This ntleanNewtonian mechanics is consistent
with the principle of relativity. A person who maveat a constant speed can apply
Newton’s laws exactly the same way as a persoesat r

The solution of certain problems can be simplifiadd some interesting results can be
obtained from the relativity principle. Here areotexamples to illustrate.

A Collision

Imagine that there is an elastic collision betwaen
2 kg ball moving at 12 m/s and a 1 kg ball at rest.
The speed of the balls after the collision is sdugh
The conservation of kinetic energy and momentum
could be used but relativity will be used instead.

www.thetrc.org/pda_content/texasphysics/e-BookBatakind-910.html

Let's change frames of reference to take the pafint
view of another observer: Josefina. The speedisf th
observer is carefully chosen to ensure that thal tot
momentum of the system is zero for her.

It is then easy to determine the velocities after t
collision because the total momentum must remain
zero after the collision.
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Finally, we go back to Matis’s frame to get theoadies that we were looking for.

By transferring like that from one frame to anothlbe equations giving the velocities after
a collision, elastic or not, can be obtained gedsily.

Momentum Conservation

It will now be shown that momentum must also beseoved if the kinetic energy is
conserved for every observer in an elastic colisio

If the kinetic energy is conserved, then (for thearver using primes)
—mi%“ mul=-— mlfﬂ* mye

If the frame of reference is changed, the velogitieange. The equation then becomes

L R TR e IR
m(u- v+ m(y V= n{e ¥ nfu NV
m(uf-quv+\?)+rg( @-2111xv+@ = qﬁ -2 1x vrz)/ + 5@ 2u-2 o \#Z)v
mu-2muy< v mi+ my-2 mpx v giv= plu2muxv+my +mg-2 mx w gpiv

M- 2mux< v mg-2 mek = -2 ma ¥ mu2 mu v
If the energy is conserved in every frame, therfdlewing equation must be true

Mo md = mi me

This means that

mui+my=md+ mg
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Therefore, thent? in the equation must cancel each other

o - 2muxv+ G - 2muxv= mG - 2muxv+ - 2muxy

and we are left with

-2muxv-2mux v=-2myx ¥ -2 mpx v
MUXv+my v =my » 4y ¥
(mu+mu)xvy{ my+my xv

mu+mu=my+ my

This last line is the equation of momentum cond@a This means that if the kinetic
energy is conserved for every observer for anielastlision, then the momentum must
also be conserved. Awesome, isn't it?

"# #$

In the last decades of the®@entury, some felt that the laws of physics hddaén
discovered and that it only remains to apply theraxplain everything that happens in the
universe. At this time, Lord Kelvin stated thatytwo small black clouds remained in the
otherwise blue sky of physics, and that these tmadlpms would soon be solved. These
two problems were those related to the speed bf, lighich will give birth to relativity,
and to the hot body radiation, which will give hito quantum mechanics. These two
“small black clouds” completely revolutionized plgssin the end.

Here, let's have a look at the first of these peai, i.e. the speed of light problem. At the
end of the 19 century, everyone was convinced that light wasasiew However, it was
believed that light was a mechanical wave. Accgdothe beliefs of the time, light was
travelling in a medium callegetherfound everywhere in the universe. Light was triwel

at 300,000 km/s in this medium.

But let's look at what two observers would measiirthey observe light propagating

through the aether. In this example, Bob is atirethhe aether, and Joe moves atcOril
the aether. Both are looking at the light emittgdalsource. In Bob’s frame, we have
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www.physics.uc.edu/~sitko/CollegePhysicsll/26-Rieity/Relativity.htm
www.tuxpaint.org/stamps/index.php3?cat=town&page=3
www.jrj-socrates.com/Cartoon%20Pages/kaput_and yzosk

According to Bob, the speed of light is 300,000 &im/every direction.

Now, let’s look at the same situation by taking goént of view of Joe and calculate the
speed of both light beams according to Joe.

Beam travelling towards the right.

Speed of the beam according to Bob=c

Speed of the beam according to Joe= ?

Relative speed of Joe and Bafx 0.1c

u¢=u - v= ¢ 0.1¢ 0.9c

Beam travelling towards the left.

Speed of the beam according to Bob= ¢

Speed of the beam according to Joe= ?

Relative speed of Joe and Bafx 0.1c

u¢=u,-v=-¢€¢ 0.1s- 1.lc

So, this is the situation as seen from Joe’s frafmeference.

2018 Version 10-Relativity 16



Luc Tremblay College Mérici, Quebec City

www.physics.uc.edu/~sitko/CollegePhysicsll/26-Riglty/Relativity.htm
www.tuxpaint.org/stamps/index.php3?cat=town&page=3
www.jrj-socrates.com/Cartoon%20Pages/kaput_and yZosk

This result is not really surprising. Accordingoe, the light going towards the right is
slowed by the motion of the aether towards the $efinewhat like a fish swimming against
the current that goes slower than when there isunent. The light going towards the left
is driven by the motion of the aether towards #fg Qiving it greater speed, like a fish
swimming in the same direction as a current.

So, if you are at rest in the aether, as it isdghge for Bob here, the speed of light will
appear to be the same in every direction. If yauraoving in the aether, as it is the case
for Joe here, the speed is different dependingherdirection. Notice that the difference
between the speeds of light in opposite directaemording to Joe is It 0. = 0.Z,
which is twice the speed of the aether accordindo®. This speed difference is always
equal to twice the speed of the aether.

%

The previous reasoning led to the conception abgreriment to measure the speed of the
Earth in the aether. If the Earth is at rest indbther, the speed of light will be the same
in every direction. If the Earth is moving throutite aether, the speed will be different

depending on the direction. The difference betwtbenlargest measured speed and the
smallest measured speed will be equal to twicespeed of the Earth in the aether.

Michelson did this experiment in 1881 and did itaimagwith Morley, with several
improvements, in 1887. It was so precise that adplfference as low as 2 km/s speed
could have been detected. No variation of the spéédht was measured, a sign that the
Earth should be motionless in the aether. So faproblem.
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The problem comes from the fact that the Earth Iv@goaround the Sun at 30 km/s. It is
possible for the Earth to be at rest compareddaéther at one point, but it cannot stay at
rest for long. Six months later, the directiontw motion of the Earth is reversed, and the
Earth should then be moving through the aether.

So, the experiment was done again 6 months latkr.ahe same result was obtained: the
speed is the same in every direction, indicatirag the Earth was still at rest in the aether.
(Maybe you're thinking that this problem can betlsdt by assuming that the aether
revolves around the Sun at the same speed asttte \&zhich would make the Earth always
at rest in the aether. However, this solution wasueled by some other observations, such
as stellar aberration, that were showing that #wehHs moving through the aether.)

In fact, all the measurements of the speed of liglaacuum at this time were always giving

the same value, whatever the circumstances! lvweassurprising. This implies that in the
following situation,

www.physics.uc.edu/~sitko/CollegePhysicsll/26-Rielty/Relativity.htm
www.jrj-socrates.com/Cartoon%20Pages/kaput_and yzZosk
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all the observers will measure the same speechébéam of light. The measurement of
the speed of the light beam according to Joe wi# g value ot, and not 0.6 as predicted
by the laws of transformation of velocities. Theamgrement of the speed of the light beam
according to Nick will give a value of, and not 1.6 as predicted by the laws of
transformation of velocities. If you try to catch with the light beam, as Joe does here,
the beam will always be 300,000 km/s faster tham, yehatever your speed. If you go
towards the light, as does Nick here, it will alwdyt you at 300,000 km/s, whatever your
speed.

http://www.youtube.com/watch?v=XR30OJwstfE8

&

The equations of electromagnetism, obtained by Mdixw 1865, predict the existence of
electromagnetic waves. When the speed of thesesnawalculated, the speed of light is
obtained. At the time, this strongly suggested ligat is an electromagnetic wave and, at
the same time, confirmed the wave theory of light.

There was, however, a small conflict between tlegsmations and relativity. The following

situation illustrates this conflict. In this siti@t, what will happen if Joe travels at the
speed of light?

www.physics.uc.edu/~sitko/CollegePhysicslIl/26-Rielty/Relativity.htm
www.jrj-socrates.com/Cartoon%20Pages/kaput_and yzosk

According to the Galilean equations of relativitye speed of this beam of light according
to Joe is

u¢=u-v=c 0

This is this situation in Joe’s frame of reference.
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www.physics.uc.edu/~sitko/CollegePhysicsll/26-Riglty/Relativity.htm
www.jrj-socrates.com/Cartoon%20Pages/kaput_and yZosk

Joe would, therefore, see an electromagnetic wavesa However, it is impossible to

observe such a wave at rest according to Maxwelisations. If these equations are
solved, the result show that this wave must abshutavel at 300,000 km/s according to
both Joe and Bob. Obviously, there is a problem: Maksvelquations did not comply

with the equations of Galilean relativity.

There was, therefore, two possible courses of matibher Maxwell’'s equations are wrong
or the equations of Galilean relativity are wroWghile some were trying to change
Maxwell's equations to make them comply with thmgiple of relativity, a lone man tried

change relativity to make it consistent with Maxkgekbquations. Albert Einstein was
entering the physics scene.

(Notice that the problems with Maxwell's equati@tarted Einstein’s quest into relativity.

It seems that Einstein did not even know abouMliuhelson-Morley experiment when he
worked on the theory of relativity.)

In 1905, Einstein introduced changes to the equatad relativity based on the following
postulates:

Einstein’s Postulates
1) The laws of physics are the same for all the olessrmoving at a constant speed.

2) The speed of light in a vacuum is always 300,000sKactually 299,792.458 km/s)
for all observers.
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(Fun fact: the postulates of relativity say tha lws of physics and the speed of light are
actuallynot relative quantities, i.e. dependent on the observer!)

The first postulate is simply the principle of telay as it was known for some centuries.

The second postulate reflects the observations hadgieg the measurements of the speed
of light and the solutions of Maxwell’s equatioiftsmay seem odd that several observers
moving relative to each other all measure the sspeed when they measure the speed of
a light beam. This means that we have the follovgiggation.

www.physics.uc.edu/~sitko/CollegePhysicslIl/26-Rielty/Relativity.htm
www.jrj-socrates.com/Cartoon%20Pages/kaput_and yZosk

This is in flagrant contradiction with the equasasf Galilean relativity.

With this second postulate, Einstein automaticallled out the idea that light is a
mechanical wave in the aether. A material mediunamhéhat observers moving in this
medium would measure a different speed of lighdifierent directions, which was
impossible according to the second postulate. Htleea then disappeared from physics.
Needless to say that it was already a weird contteptis undetectable, without mass and
offering no resistance while being rigid (so thainsverse waves can exist). As a result,
thousands of hours of work done to interpret theaéiqns of Maxwell by means of motions
or swirls of the aether made by many physicisthatend of the 19century ended up in
the trash. Fortunately, some physicist, like HdndAnton Lorentz, had already
reinterpreted Maxwell’'s equations starting from ttiea that there are charged particles
even before the existence of the electron was goatl in 1897.

Now, we will have a look at the consequences o$eahevo postulates. Prepare to be
flabbergasted, they are spectacular.
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The usual concept of time is completely shattere&ibstein’s postulates. To understand
why, some precision on how the observers noteitie at which an event occurs must be
given.

When an observer, say Bob, sees an event, he
must calculate when the event really
occurred, taking into account the time it took
the light to reach him. If he sees a star
exploding in 2017 and knows that the light
from the explosion has taken 500 years to
reach him, he will calculate that this
explosion has truly occurred in 1517. To
simplify this procedure, let's imagine that
Bob has placed clocks throughout the
universe (figure). When an event occurs
somewhere, the clock at this place prints a
small piece of paper (a timestamp) or send< A
signal to indicate the time. The observer th m;sgggﬁﬁ’c’gfgﬁ;g:rg%ﬁf‘“fa'—be*‘a‘"ma'—se'*’”c
simply has to pick up the timestamps or t..c
signals to know the time of the events.

For this solution to work, however, all the cloaksist be synchronized, i.e. they must
indicate the same time. Of course, Bob can syniteaits clocks at home and then go
place them at their location in the universe butilt be shown later that this solution is
not good. (When the clocks are moved, the framefefence changes and this can affect
the time indicated.) Bob must, therefore, put eclok at its respective location before
starting them. To start them, his central clocldsealight signal that starts the clocks when
they receive it. We're using a light signal because can easily know, by the second
postulate, how such a signal behaves: it alway®lsat the speed

But Bob isn’t stupid. He knows that it will takerse time before the light signal reaches a
specific clock. If all the clocks are set at miditignd Bob triggers the signal at midnight,
a clock that receives this signal 3 hours laterstért at 3 AM. The clock will then indicate
midnight at 3 AM and will be 3 hours behind Bob&ntral clock. To compensate for this,
Bob thought of not setting all the clocks at midiig-or example, he sets the clock that
will receive the signal at 3 AM at 3 AM. When Bodnsls its signal at midnight, this clock
will start when the signal is received at 3 AM. the clock was initially set at 3 AM, it
will be synchronized with Bob’s central clock.
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en.wikibooks.org/wiki/Special_Relativity/Print_vésa

Well done Bob, all your clocks are synchronizede Tdllowing animation also shows you
how this synchronization is done.

http://math.ucr.edu/~jdp/Relativity/Clock Synch.html

There is, however, a problem: Let's see what happenording to another observer (Joe).

en.wikibooks.org/wiki/Special_Relativity/Print_véra

Joe sees Bob, with its clocks, moving towards ¢ffiealt speed.

en.wikibooks.org/wiki/Special_Relativity/Print_vésa

But then, according to Joe, the clocks won't bechyonized. As clocks to the left of Bob
are moving towards the left according to Joe, thieyfleeing away from the light signal
heading towards them. The light signal from Bol&stcal clock, however, does not travel
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faster as its speed remaiogecause the speed of light is the same for alerviss.
Therefore, it will take more time for the signal teach these clocks because they are
fleeing away from the signal, and they will stater than if they were at rest. If it takes
8 hours for the signal to catch up with a clock thas due to start at 6 AM, it will indicate

6 AM when Bob’s central clock is indicating 8 AM.i$ then 2 hours behind Bob’s central
clock. Thus, according to Joe, the clocks on tfteale all behind Bob’s central clock, and
the farther away these clocks are from Bob, thgelais the time difference with Bob’s
central clock. For the clocks on the right of Btiie opposite happens: they will start too
early. These clocks are moving towards the ligghai and they will meet this signal
sooner than if they were at rest. If it took ordyif hours for the signal to get to the clock
which was supposed to be triggered at 6 AM, thendlock starts 2 h too soon so it will
be ahead of Bob’s central clock by 2 h. The clogksthe right are all ahead of Bob’s
central clock according to Joe, and the time diffiee gets larger as the clocks are farther
away from Bob. Therefore, the result of the synolration, according to Joe, is

en.wikibooks.org/wiki/Special_Relativity/Print_véra

In conclusion, Bob’s clocks are not synchronizedoading to Joe, whereas they are
synchronized according to Bob! Joe is going toBelb that he did not account for the fact
that he and his clocks are moving when he madsythehronization. But Bob is going to
reply, and this is correct, that it is Joe and hoh who is moving, and that his
synchronization is perfect. The problem is evergbighan that because Joe also has to
install his clocks everywhere in the universe, tinade clocks are moving at the same speed
as Joe. He synchronizes them the same way anthebgaime reasoning, we realize that
Joe’s clocks are synchronized according to Joat@uhot according to Bob.

Who is right? Are the clocks synchronized or not?alct, everyone is right. In relativity,
the time at which an event occurred changes acuprth the observers. When the
observers see the same explosion, they all catcwhen the explosion truly happened
taking into account the time it took the light each them. They then arrive at different
conclusions. For example, Bob may infer that amewecurred in 1955 while Joe calculate
that the same event occurred in 1969. To proveaith may show the timestamp printed
by the clock that each observer has installed epthce where the event occurred. Bob
will have his timestamp showing 1955 and Joe wdalde his timestamp showing 19609.
The crazy thing is that they are both right. Tmeetiat which an event occurs depends on
the observer.
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Time in Relativity

If an observer is moving with respect to anothieg, noments at which events
occur is not the same for these two observers.

Of course, Joe will always be able to say thatinf@mation provided by Bob’s clock is
not good because Bob’s clocks are not synchrorazedrding to Joe. But Bob will then
reply that his clocks are perfectly synchronized #rat it is rather the information given
by Joe’s clock that isn’t worth shit since Joe'sals are not synchronized according to
Bob... Joe will answer that his clocks are perfestinchronized and that the information
is valid. And they are both right!

Already, it is obvious that Einstein’s relativityillxshake up your conception of time. The
absolute time of Newton’s physics and Galileantigty does not exist anymore. In
Newton’s and Galileo’s theories, an event occurningl929 occurs in 1929 for all
observers. That is what absolute time means: energets the same value. With Einstein’s
relativity, the event occurs at different timesdarch reference frame and this time depends
on the speed of the observer. Therefore, time besapilative.

To illustrate once more how the notion of time ajes) let's explore a situation where an
observer sees two explosions at the same time.

Sarah is on Earth while Maria is travelling in asgship that goes very fast. There are two
stars who are also moving at sp&édwards the right. Maria is halfway between tregst

Just at the moment when Maria passes beside tlle, Hae stars explode. Let's assume
that the distance between the stars and the EBatthlight-years at this moment (according
to Sarah) and that both their calendars indicafé 2¢hen they pass one beside the other.

www.how-to-draw-cartoons-online.com/cartoon-eattilh
fr.depositphotos.com/6046354/stock-photo-Spacestnip.

As Sarah is equidistant from each explosion (18tigears), the light of each explosion
will take the same time to get to Sarah (12 yeansl) she is going to see the explosions at
the same time (in 2028). In fact, Sarah will doitihveerse reasoning. Seeing the flashes at
the same time (in 2028), she will calculate thad ®xplosions occurred simultaneously
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12 years ago (so in 2016) and that the two stare atthe same distance from the Earth
when they exploded.

Knowing this, Sarah can infer what Maria will séfethe two explosions occurred at the
same time, the light leaves from the two explosatrtfie same time. However, it will take
more time for the light coming from explosion Areach Maria because the light from this
explosion and Maria are both going towards thetrighe light, therefore, has to catch up
with Maria, and it will take more time for the lighf explosion A to get to Maria than to
arrive at Earth. The opposite happens with expio8ioThe light coming from explosion
B goes towards the left, and Maria goes towardsigjie. Maria is going towards this light
and it will take less time for the light coming fnoexplosion B to get to Maria than to
arrive at Earth. Maria will, therefore, see expbosB before she sees explosion A. So far,
no problem. An observer can see two events atiffexaht time even if they occurred at
the same time, it depends on the time taken byighecoming from each event to reach
the observer.

If, according to Sarah, Maria sees explosion B teeéxplosion A, it is certain that this is
what Maria sees. This fact cannot be relative ®odhserver. The problem comes from
what Maria will infer from this information. Let'sake the point of view of Maria in this

situation.

www.how-to-draw-cartoons-online.com/cartoon-eaithlh
fr.depositphotos.com/6046354/stock-photo-Spacdstnip.

In Maria’s reference frame, the spaceship is atard the Earth is moving towards the
left. Knowing that Maria is halfway between therstahe light coming from the two
explosions takes exactly the same time to reachaviBut as she saw explosion B before
explosion A, she is going to conclude that explogoactually occurred before explosion
A. If Sarah’s speed is Oz;@&ccording to Maria, calculations show that explodcoccurred

in 2007 and explosion A in 2025. (This calculatwifi be made later in this chapter.)

Thus, the two explosions occurred at the same {@046) according to Sarah while
explosion B (in 2007) occurred before explosion 2045) according to Maria. The
following film shows a similar situation, but withtrain.
http://www.youtube.com/watch?v=wteiuxygtoM

So who is right? Did the explosions occur simultarsdy in 2016 as Sarah says or in 2007
(B explosion) and 2025 (explosion A) as Maria sagseth are right. In Sarah’s reference
frame, the two events are simultaneous and in Réareference frame, explosion B
occurred before explosion A. Each could also prevfte timestamps coming from their
clocks to show that she is right. Sarah would haxetimestamps indicating 2016 while
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Maria would have a timestamp showing 2007 and amathowing 2025. Of course, they

will both say that the clocks of the other are syrichronized and that the timestamps of
the other mean nothing. Still, Sarah clocks aréegdy synchronized according to Sarah

and Maria clocks are perfectly synchronized acewthh Maria and these timestamps truly
indicate the time at which each explosion occuaetbrding to each observer.

The same phenomenon comes up here: the momentict am event occurs becomes
relative to the observer. Here, the two events wereiltaneous according to Sarah and
that the two events were not simultaneous accorttinglaria. Even if this is only one
example, the following conclusion can be drawnofanfal proof will be done later).

Simultaneity

If two events are simultaneous for an observeih8ytare not simultaneous for
all the observers moving with respect to observer A

A conclusion that was nearly drawn by Henri Poigcar 1898. (He was close to
discovering relativity before Einstein.)

(

It will now be shown that the rate at which timesges is also relative to
the observer.

To illustrate this, a very peculiar clock is us&tis clock works with a
ray of light that is continuously reflected betwee mirrors. Thus, the
light hits the top mirror at regular intervals, dagillisecond. Whenever
the light returns to the top mirror, the clock meverward by 1 ms.

This special clock is used because the only thimgkwow for the
moment is that the speed of light is the same Hatha observers. By
taking a clock working with light, we can easilyndi out what's
happening for the other observers.

commons.wikimedia.org/wiki/File:Light-clock.png
The time it takes for the light to make a roung tn this clock when it is at rest is

2d
Dto :T

However, the time for this round trip will be lorrgéthe clock is moving,
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It is easy to understand why this clock is going at
slower rate when it moves. In this case, the path o
the light is illustrated in the figure on the rigfibe
vertical distance between the mirrors remained the
same, but the light is now following a zigzag path.
Each of these diagonal lines is longer than the
distance between the mirrors so it will take more
time to go from one mirror to another since the ray
must travel a greater distance at the same speed.

commons.wikimedia.org/wiki/File:Light-clock.png

Let’s calculate the time it takes for the lightnt@ke one round trip for an observer who
sees the clock in motion.

www.astro.cornell.edu/academics/courses/astro2id/tiilation.htm

Let's say that the time Bt to make one round trip according to this obserering this
time, the clock has moved forward a distavioe Therefore, the length of a diagonal path

(the hypotenuse) is
g7+ YOU
2

Therefore, the time required to make one roundisrip
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_ 2" hypotenuse

Dt
C
2d2+V—Dt2
Dt =
C

This equation must be solved for. With a little algebra, it becomes

Dt ey VDX
2 2
Since
2d
Dt, =
the equation becomes
et *_ oD °, vDr®
2 2 2
2 2 Vs
D’ =0 +5 D

The end result is

N

[y
1
N[S

This square root comes up often in relativity, #refollowing symbol is used to represent
this quantity.

gFactor

1
1-

g:

(')NH\)

Therefore, the time dilation formula is
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Time Dilation

_ D
1-
(v is the relative velocity between the observers.)

Dt =g 0O,

ONH\)

This formula was obtained for the first time by &win in 1905. It predicted that clocks in
motion are moving at a slower rate than clock®st, ii.e. that time flows at a slower rate
when you are moving!

In fact, everything that changes over time is &lcland humans who age are like clocks.
If clocks in motion are going at a slower ratestimeans that humans will age less quickly
when they are moving than if they remain at rest!

This movie gives you the same explanation.
http://www.youtube.com/watch?v=KHjpBjgIMVk

Let’s go on with a small example.

)

Ginette stays on Earth while Tony travels towardtaalocated 4.6 light-years away from
Earth. The speed of Tony’'s spaceship is 80% o$gieed of light.

www.how-to-draw-cartoons-online.com/cartoon-eaitnlh
fr.depositphotos.com/6046354/stock-photo-Spacdstimi.

a) What is the duration of the trip according to Gia@t
The duration of the trip according to Ginette is

=distance: 4.gearsxc _ 4.Gears
speed 0.8 0.8

Dt

=5.75years

b) What is the duration of the trip according to Tony?

The time measured in the spaceship is(see explanation below). So the time is
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= 5.75years/ 1- (OC;';)Z
=5.75years/ 1- 0.8

= 3.45years

Surprising, isn't it? The effect is even more drémd the speed is increased to 99.9% of
the speed of light. The time according to Ginettéhen 4.605 years and the time according
to Tony is 0.206 year or approximately two and & mmanths. If Tony does a round trip to
the star and comes back to Earth, 9.21 years anélelapsed on Earth, while a little less
than 5 months will have passed for Tony. Ginetté tiven be 9.21 years older whereas
Tony will be about 5 months older than when hetledt Earth.

Let’'s push a bit further with a more sophisticage@mple. Suppose now that Tony goes
to the centre of Galaxy (26,000 light-years awayg spaceship. To go there, he accelerates
at 9.8 m/s? for one half of the journey and thecetlerates at 9.8 m/s2 for the other half of
the journey. These accelerations give an appareighividentical to the weight on Earth
to Tony. Once at the centre of the Galaxy, Tony esimack to Earth. Calculations (more
complex than the ones made in the example sincgpied changes constantly) show that
the duration of this trip for Ginette is 52,004 yeand only 39.6 years for Tony! An
astronaut can make this trip during its lifetimeh&d Tony returns to Earth, he is about
40 years older than when he left but he doesnogeize anybody on his return since
52,004 years have elapsed on Earth. It's not ewer that there is someone who
remembers he was gone. Maybe apes would have takerol of the Earth by then...

* * +

Is this effect proven or is it a mere fantasy olgbists? There are actually a lot of
experimental proof that this effect is real. Nonwlies sending astronauts on long trips
since the current technology is not advanced enoagithieve such large speeds with a
spaceship. However, in 1971, a clock was instaited plane while another identical clock
remained on the ground. The clocks were previosighchronized. After a small trip, the
aircraft came back, and the clock in the plane slaghtly behind the other clock (by
214 ns). The time gap between the two was exdotiynhe predicted by relativity.
http://www.youtube.com/watch?v=gdRmCqylsME

Even if an astronaut cannot be sent at speeds tddke speed of light, such large speeds
can be achieved for small particles. This is whatiple accelerators are for. In these
accelerators, particles can go almost at the spekght. However, some particles have a
limited life span. For example, muons have an ayetdetime of 2.2 pus when they are at
rest. (Muons are particles very similar to elec#dsut they are 207 times more massive.)
When muons move at high speeds, they live muchelonihis is exactly what relativity
predicts: when they move, they age less quicklytaedefore live longer for an observer
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who sees the particles move. The lengthening ofiféteane of a muon is exactly equal to
the lengthening obtained with the time dilationfiorta.

Muons also provided one of the first proofs of tigity. When cosmic rays hit the
atmosphere, they create, among other things, muavelling at very high speeds. Even if
the muons were travelling at the speed of lightyttvould travel only 660 m in 2.2 us.
However, these muons are formed at an altitudefefatens of kilometres and they still
reach the surface of the Earth. The lengthenirigeif lifetime due to time dilation is what
allows them to reach the ground. The number of mueaching the ground is exactly as
predicted by the theory of relativity.

It is possible to think that relativity plays ndean our daily lives and this is not far from

the truth. Be aware, however, that clocks in s#sliwould not tick at the same rate as
those on Earth if they were to be placed next thedher. Once in orbit, they tick at the
same rate as those on Earth because of relatiei§éicts. If engineers had not taken into
account relativistic effects in the design of daed, the satellite clocks would have slowly
drifted compared to the clocks on Earth, which wlol&ve led to miscalculations. For

example, there are clocks inside GPS satelliteeldttivistic effects had not been taken
into account, the GPS data could be off by upkan5even if the clocks are resynchronized
every 12 hours.

, ( tot

In the previous example calculations, it is sa@ thony measurest, which is called the
proper time Why is it Tony?

Precisely, proper time is
Proper Time tg

Proper time is the time between two events accgrttiran observer who
observes the two events in the same place.

In most cases, this means that it is the time batvike events according to the observer
who is present at both events. In our example, &g not present at the two events that
mark the beginning of the trip (departure) andahe of the trip (the arrival). She is present
when Tony leaves, but not at the arrival. HoweVeny is present at the departure and at
the arrival and it is him that measures the projpes.

It's not that obvious that Tony measures the prdpee if the true definition of proper
time is taken. It's clear that Ginette does notepbs both events in the same place: the
departure is close to the Earth and the arrivaker the star which is 4.6 ly away from the
Earth. This is indisputably not in the same pldtes less straightforward for Tony. In
order to see that the two events are in the saaee dbr Tony, let’s look at this situation
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in Tony’s reference frame. According to Tony, hatisest while the Earth recedes and the
star is coming towards him.

www.how-to-draw-cartoons-online.com/cartoon-eaittilh
fr.depositphotos.com/6046354/stock-photo-Spacestni.

For Tony, the Earth is next to his ship at his depa and the star is next to his ship at
arrival. For Tony, these two events are in the splaee: next to his ship. It is, therefore,
him that measures the proper time.

: d.$ 0 (
, 1 (

The time between two events is not necessarilyfor one of the two

observers. It is possible to have two events demdift places for both
observers. In this case, do not use the time diatormula. Use instead the Lorentz
transformations (that will be seen later in thiggter).

If time dilation were the only effect, there woudd a problem of logic in relativity. Let’s
go back to the example of Ginette and Tony to fithte this. According to Ginette, the
situation is as follows.

www.how-to-draw-cartoons-online.com/cartoon-eaithlh
fr.depositphotos.com/6046354/stock-photo-Spacdstmip.

According to previous calculations, the duratiortte# trip is 5.75 years for Ginette and

3.45 years for Tony. Let’s look at this situationTony’s reference frame to see what
happens according to him.
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www.how-to-draw-cartoons-online.com/cartoon-eaithlh
fr.depositphotos.com/6046354/stock-photo-Spacestnip.

In this reference frame, Tony is stationary anddfae is coming towards him. But if the
star were 4.6 ly away and is moving towards Ton@.&t, the time it would take for the
star to arrive at Tony would be

. distance
time = ——
speed
_4.6yx
0.&
t=5.75

t

But the star is supposed to arrive in 3.45 yearsrder to arrive at this value, there is only
one solution: the star must be closer than 4.@€tpaling to Tony. If the star arrives in
3.45 years, the initial distance must be

L =vDt,
=0.&" 3.4Y
=2.7dy

Thus, the distance between the Earth and thes#bily according to Ginette but only
2.76 ly according to Tony. This is callehgth contraction

The distance between two objects at rest is denotethis variable can also represent the
length of an object at rest because the lengtim @lbgect at rest is the distance between its
two ends. is called theproper length

The distance between two moving objects (at theesgmeed) is denoted This variable
can also represent the length of a moving object.

The length contraction formula can be easily fobgdepeating the reasoning made in the
example of Tony and Ginette. According to Ginefieny’s speed is

L,
Dt

v==

According to Tony, the speed of the star (whicagsal to Ginette’s speed) is
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As Tony's speed according to Ginette is the samthaisGinette’s speed according to
Tony, the following equation must hold.

The end result is

Length Contraction

L=l 5= 2

(v is the relative velocity between the observers.)
This formula was obtained by FitzGerald in 1889,andependently, by Lorentz in 1892.

(They were then trying to explain the results & Michelson-Morley experiment.) Thus,
this contraction is sometimes called ffizGerald-Lorentz contractian

Let's check if the formula works. For Tony, thetdisce between the Earth and the star is

L= Lo 1- %
0.8

=4.4y,/1- —
C

=4.6y,/1- (0.9’

=2.78y

2

Bingo, it works
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A train is 20 m long at rest. What is its
length if it is moving at 0.&?

The length is

L=L,\1- 2

2
o i L
C

=20my/1- (0.9’
=12m

College Mérici, Quebec City

www.zamandayolculuk.com/cetinbal/htmldosyal/Spéatiabry.htm

The only contracted dimension is in the directiontlwe velocity. The dimensions
perpendicular to the velocity remain the same. Hire train has the same height at rest
and in motion. Only the length of the train changes

The passengers of the train do not feel contradtedllustrate this idea, let's take the
example of Ginette and Tony again. In Ginette’sniea Tony’s spaceship moves and the

kspark.kaist.ac.kr/Twin%20Paradox/Relativity%20Fdtts

spaceship is shorter than at rest.
However, the Earth, Ginette and the star
are at rest in this frame and are,
therefore, not contracted.

In Tony’s frame, the spaceship and Tony
are at rest and are, therefore, not
contracted. For Tony, the Earth, Ginette,
and the star are moving and are
contracted.

Thus, nobody sees himself contracted
since each observer is at rest in its own
frame. All the observers are observing
that the other observers are contracted.
The same thing happens with time
dilation: all observers see themselves at

rest and time runs normally for them. All observas observing that the time passes more

slowly for the other observers.
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Tony?

Tony wants to make a trip from the Earth to a $baated 4.6 ly away according to
observers on Earth. What must be the speed of Tartiie trip to last 1 year according to

The equation to solve can be obtained by takineeipoint of view: Tony’s or
Ginette’s (which is on Earth).

According to Ginette, we have the following sitoati

www.how-to-draw-cartoons-online.com/cartoon-eattinlh
fr.depositphotos.com/6046354/stock-photo-Spacdstimi.
The time according to Ginette is

Dt ==
Vv

Ginette can then calculate the time according toyTwith

ly:4.6y><: .- ﬁz
\Y; (o
The solution is
i :E 1_ ﬁz
46 v (o
2 2
i :C_ 1_ ﬁz
4.6 V C
2 2
i :C_Z- 1
4.6 Vv
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1 c?
— +]1=—
4.6° Vi
L =0.97718

0 l<

1
1+ 4.62

The speed must then be 97.718 % of the speedhif Nptice that the same equation
to solve is obtained by taking the point of viewTafny. In Tony’s reference frame,
the situation is as follows.

www.how-to-draw-cartoons-online.com/cartoon-eaittinlh
fr.depositphotos.com/6046354/stock-photo-Spacdstimi.

According to Tony, the time it takes for the s@reach his spaceship is

L is then found with the length contraction formulae equation is now

o, <l

\Y

If the trip is to last 1 year, then the equatiosdbre is

_46axc1-¥
Y

1y

This is the same equation as the one obtainedkirygtéhe point of view of Ginette.

#

In our daily lives, the effects of time dilationdatength contraction are rarely taken into
account. But if you want to take these effects imtoount at low speeds, the following
approximations make the calculations easier.
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Approximations of the gfactor if v<<c

V
»1l+—

Zc2

2

ﬁ
JL- 5>

1

23

Pimprenelle stays in Quebec City while AmarantesgmeMontreal (distance = 250 km)
in a high-speed train travelling at 250 km/h.

a) What is the difference between the duration ofttigeaccording to Pimprenelle
and Amarante?

The duration of the trip according to Pimprenedle i

Dt = dlstance 25km “1h =360
speed 25Bm h

The duration of the trip according to Amarante is

If this value is calculated with a calculator, 360® obtained again because the
speed is too small and the answer is barely smtilber 3600 s. To see the time

difference, an approximation is used.

difference=D t-D §
=Dt -Dt,1- %

2

=36005- 360G 1+
2c

2

= 36005 +
2c
(69.44m)°
—— T+
2(3 10 )
»9.645 10's

=3600s
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b)

(

Amarante’s watch is, therefore, behind Pimprensheatch by only 9.64% 10 s
after the trip to Montreal. The effect is not vemyportant when the speed is far
from the speed of light. A person who travels quane for 100 years would live
only 1.5 ms longer than a person who had remaihesstion Earth.

What is the difference between the distance fronmivéal to Quebec according to
Pimprenelle and the distance from Montreal to Quetmeording to Amarante?

The distance according to Pimprenelle is 250 km.

The distance according to Amarante is contractad, therefore,
L =250km\/1- &

If this value is calculated with a calculator, 288 is obtained again because the
speed is too small and the answer is barely smdien 250 km. To see the
difference in distance, an approximation is used.

DL =L, -L
= 250km- 250km/ 1 ¥
» 250km- 250kn{ 1 %)
V2
» 25km—
2c?
(69.44m)°
2(3 16 2)°
» 6.69m

» 250k

Length contraction makes the distance between Mahaind Quebec City only
6.69 nm shorter according to Amarante.

The Doppler effect seen in previous chapters isifisodby relativity because the rate at
which time passes, related to the period of theawechanged by the speed of the source.

2018 Version 10-Relativity 40



Luc Tremblay College Mérici, Quebec City

1) Classical Doppler Shift
The formula of the Doppler effect was

V-,
V-V,

S

fe= f

Since every reference frame is equivalent, the érarhere the observer is at rest and the
source is moving is always used. Therefore, thedd the observer is alwayg = O.
Since the speed of light is alwagswe haves = c. The equation then becomes

The indexs for the speed is then dropped since there is nsilpiby of confusion with
other speeds. The frequency and wave period age thu

fe=—S f and TeS VT
cC-V C

2) Time Dilation

However, if the source is moving, the period isnged compared to what we would have
if the source were at rest. This means that

T

V2
T

T=

.

whereTy is the period of the source when it is at rest.

Relativistic Doppler Shift

Combining these two effects, we have
Te="V7
c
Te=SV_ T

This becomes
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Te=T, Y

C2' V2

Te=T,— <V
J(e- v)(er V)

Te=T, |~

c+vVv

Therefore, the period and frequency shifts are

Relativistic Doppler Effect

C-V

TC=T, Y

ctv
C-V

fe=f,

(v is the speed of the source according to a mosgsrdbserver.)
The sign convention for speed stays the samevesit The positive direction is
from the source towards the observer. Thus, thedspéthe source is positive

if it is heading towards the observer and negafiitas moving away from the
observer.

Remember that the point of view of the observeséobker at rest and source in motion)
must always be taken to use this formula.

4

A source at rest emits light with a 600 nm wavetben@range). What is the wavelength
seen by an observer who sees this source movirgydsviim at 30% of the speed of light?

The frequency of this wave when the source issdtise

3 10nm

T W

C
f=—
0 /O

Therefore, the frequency received by the obsesver i

f¢:f0/z—+v
-V
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fe=5" 10*Hz |ST 9
c- 0.3
=5" 10“Hz, /E’
0.7

=6.814 16'Hz

The wavelength is thus

c_ 3100

—° s =440.3m
f¢ 6.814 106°Hz

The source emits an orange light at rest. It isqgiged as being violet by the observer
who sees the source moving towards him at.0.3

The Doppler effect formula allows us to calculateatvisseenby an observer.

Let's take an example to illustrate.

www.how-to-draw-cartoons-online.com/cartoon-eaithlh
fr.depositphotos.com/6046354/stock-photo-Spacestnip.

We already know that time passes more slowly faymieaccording to Ophelia because of
the time dilation. This is the result of the obs#ions of Ophelia. She calculated that for
each second elapsed on Earth, only 0.6 secondsetepy®ed in Naomi’'s spaceship. This
does not mean that this is what Ophelia sees bed¢hagime it takes for the light to reach
Ophelia must also be taken into account.

However, this is exactly what the Doppler effectfiala does. Suppose you look at a clock
in Naomi’s ship and that this clock emits a flaghight every second. This is a periodic

phenomenon and the period of this phenomenon wilbérceived (so view) as having a
period

L i
c+Vv

Let's do some calculations.
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41

In Naomi’s spaceship, there is a clock that emitash of light every second. What is the
time between the flashes ssenby Ophelia if Naomi’s spaceship moves away fronthca
at0.8?

www.how-to-draw-cartoons-online.com/cartoon-eaitinlh
fr.depositphotos.com/6046354/stock-photo-Spacestnip.

The time between the flashes is

C-V
T
c- (- 0.8)
c+(-0.8)
1.8

=1s. |—
0.2

=3s

The speed is negative because the positive diregtes from the source towards the
observer so from Naomi to Ophelia.

Ophelia sees a flash every 3 seconds. There i$emettice between what is observed
and what is seen. Ophelia sees a flash every idscbut she calculates that the
flashes are emitted every 1.667 seconds. It takes time to see the flashes, because
the spaceship is farther and farther away at dash find it will take more and more
time for the light to reach Ophelia, thereby inciag the time between the flashes. At
0.8c, the spaceship moves, according to Ophelial@ m between each flash if there
are 1.667 seconds between them. The light comamg fhe next flash must then travel
this extra distance before arriving on Earth, dmd takes 1.333 seconds. The time
between the flashes as seen by Ophelia is, thered@econds (1.667s + 1.333s).

It can, therefore, be concluded that Ophelia seesything that happens in the

spaceship at a rate 3 times slower than what ipdrapg on Earth, like a movie
playing in slow motion.
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43

In Naomi’s spaceship, there is a clock that emitash of light every second. What is the
time between the flashes ssenby Ophelia if Naomi’'s spaceship is moving towaasth
at0.8?

www.how-to-draw-cartoons-online.com/cartoon-eaitnlh
fr.depositphotos.com/6046354/stock-photo-Spacdstini.

The time between the flashes is

TC=T,,[—

Opheliaseesa flash every 1/3 seconds lmlitservesthat the flashes are emitted every
1.667 seconds. It takes less time to see the 8adleeause the spaceship is closer and
closer to Earth at each flash and it will take lasd less time for the light to arrive,
thereby decreasing the time between the flashes0.& the spaceship moves,
according to Ophelia,» 16 m between each flash if there are 1,667 secortdeba
them. The light coming from the next flash has lgistance to travel before arriving
on Earth, and this removes 1.333 seconds to the fiilme time between the flashes as
seen by Ophelia is, therefore, 1/3 seconds (1.6&67333s).

It can, therefore, be concluded that Ophaleeseverything that happens in the
spaceship at a rate 3 times faster than what igdmapg on Earth, like a movie playing
in fast forward, even if the time is going at avgo rate in the spaceship!

Here’s a great video showing what is seen if sorm@smoving with speed close to the
speed of light.
http://www.youtube.com/watch?v=JQnHTKZBTI4
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A more formal approach to relativity will be noweasto obtain the transformation laws
from one observer to another. With these transftons, all the formulas obtained
previously will be proven again but more formaljore complex cases can also be dealt
with using the transformation laws.

0 (

When two observers observe an event, they not@dkgion and the time at which the
event occurred with its own coordinate system.

en.wikibooks.org/wiki/Special_Relativity/Print_véra

To find out how to switch from one reference framoeanother in accordance with
Einstein’s second postulate, let's imagine that a
bright flash of light is spreading at speed every
direction. The light is, therefore, creating a gghe
with a radius that increases at the speed of liht.
the equation of a sphere is

X2+y2+72= R

and as the radius of the sphere increases at ¢egl sp
of light, the equation of this sphere of light,
according to Bob, is

xe+y2+ 2=(cf’

www.zamandayolculuk.com/Cetinbal/HTMLdo i i i
ayal/RelativityPrinciple. it Joe qlso observes an increasingly Iargg Ilgh.t gpher
growing at speeda since the speed of light is the
same for every observer. Therefore, the equatidheo§phere according to Joe must be

x€ + y B+ 226 ct)

2018 Version 10-Relativity 46



Luc Tremblay College Mérici, Quebec City

With the transformation laws, the equation of theese according to Bob must transform
into the equation of the sphere according to Joet'sLfirst show that Galilean
transformations fail to do this.

Starting from the equation of the sphere accorttingpe, the transformation gives
x€+y &+ z2¢=( ct)’e
(x- vi)*+ y2+ 2= (c)’
x2- 2xvtr B+ 2+ 2= ( o)

Obviously, this is not the equation of the sphe®oading to Bob. On the other hand, this
result is the first clue needed to obtain the arteansformations. There is a cross term
with x andt (the second term) that must be eliminated. Itaeliminated if

t¢=t + fx

wheref is a value that will be determined in order to m#étke second term vanish. With
this new transformation law, the transformationhe equation of the sphere is

X+ y e+ z2¢=( ct)’e
(x- vt)’+ y2+ 2= (d f)))2
X2- 2xvir V B+ Y+ Z= @B+ 2@ xft @ R %

The second term on the left can now be cancelléthypthe second term of right if

\Y

C2

Then, the equation becomes

2
2o XUV + Y2+ 7 = @R - DVt X2

CZ

This is not quite it. This result can be written as

2
x2+v2t2+y2+22:c?t2+v—2>€
c
2 2
x2 1- 2 4y 2= @p b -
c? c?
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The correct result would have been obtainedafdt had been divided hyl- % . Then,
the final result is

X2+ y2+ 7 = @8
which is the equation of the sphere according tb.Bo

Thus, the transformation laws obtainedXoandt are

The full transformation laws, called therentz transformationsre

Lorentz Transformations (1)

x¢=g(x- vt) x= g( x€ vi)t
ye=y y=y¢
0=z z= z¢

te=g t- X t= gre

c? c?

(v is the speed of an observer according to anothezroer.)

These transformations laws were obtained in 189Bdwgntz and in 1899 by Larmor but
they gave a much different interpretation to theettransformation. Poincaré was close to
making a correct interpretation in 1904 but it vizasstein who interpreted correctly, in
1905, that the times of events are not the samdifi@rent observers and that there is no
absolute time.

Note that if , the Galilean transformations are obtained agaéhus, the results
obtained with Galilean transformations are stilidigorovided that the speed between the
observers is small compared to the speed of light.

These laws of transformation are not that usefdesithe positiox = 0 and the timé= 0
are somewhat arbitrary. It would be better to hineetransformation laws of the distance

(Dx, Dy, Dz) and the time[dt) between the events.

Thex-component of the distance and the time betweere@ts\are, according to Bob,
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DX =X - X%
Dt =t, - t,

The distance between the events according to Joe is
Dx¢=x,¢ x

Using Lorentz transformations, we have

Dx¢=g(% - vt)- o(% i)
Dx=g((% - %)- (& 1))
Dx¢=g( Dx - VDY)
An identical formula as the one we had for the btwdransformations is obtained, except

that there are now in front of variables. In fact, this is what alvgalappens and the
transformations are

Lorentz Transformations (2)

Dx¢=g/( Dx - DY) Dx =g( Dx¢+v D)«
Dy¢= Dy by =iy¢
Dz¢= Dz Dz = D¢

Dte=g O -V D =g noD¢

(b c?

(v is the speed of an observer according to anotbezroer.)
This form is a bit more useful because it doesdepiend on the arbitrary= 0 andt = 0.
Before using these formulas, remember the followirg:
Which Observer Uses Primes?

The observer who sees the other travelling towtrels
negativex-axis uses primes

Here are some examples of the application of tfaseulas.
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Greta is in a spaceship moving away from Earth.&t. (6he then sends a beam of light
from the back towards the front of the ship. Acaogdo Greta, the distance between the
light source and the target is 300 m. Clemencdanth, observe Greta’s spaceship.

www.how-to-draw-cartoons-online.com/cartoon-eaittinlh
theoryoftime.com/wordpress/?p=236

a) How long does it take for the light to get to theget according to Greta?
The time is simply the time it takes for a beantigtit to travel 300 m.

300m

———— =10°s
3 10w

Dt¢=

Greta is the one who sees the other observer maoowagrds the negativeaxis.
That's why Greta notes the time with a prime.

b) How long does it take for the light to get to theget according to Clemence?

The situation, according to Clemence, is

www.how-to-draw-cartoons-online.com/cartoon-eattinlh
theoryoftime.com/wordpress/?p=236

The time can be calculated with the Lorentz tramsé&dions.

The time according to Greta B = 10° s, and the distance between the events
(departure and arrival of the light) is, accordiodgsretaDx = 300 m.

Therefore, the time according to Clemence is
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Dt =g oo
C2
1 0.&" 300m
== 1P SN
J1- 0.82 c2
=3 10°s

So, it takes 3 ps for the light to arrive at thegéh according to Clemence while it
takes only 1 us according to Greta.

Note that this problem cannot be done with the tilfetion formula because none
of these observers measures the proper timg lpecause none of the observers is
present at both events. Better formulation: the éwents (departure and arrival of
the light) are not in the same place for any o$éhsvo observers, so none measures
the proper time.

On the other hand, here’s how this problem coulethmeen handled without using
Lorentz transformations. For Clemence, the distdoste/een the starting point of
the light and the target is smaller because ofttengntraction. For her, the length
of the spaceship is

L =300m/1- 0.8= 18®n

The light, travelling at, must catch up with a target at 180 m which maeay
at 0.&. Therefore, the time to catch up is

Dt = 180m
c- 0.8

=3710°s

(

Lorentz transformations will confirm that two eveiiat are simultaneous for an observer
are not simultaneous for the other observers. df éwents are simultaneous, tHamn= 0.
The time, according to another observer, is theeefo

vDx
Dit=g ®- =
Di¢= - gvfzx

which cannot be equal to zero. This shows thaetleats cannot be simultaneous.
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Sarah observes that two stars 24 ly one from therofaccording to Sarah) explode
simultaneously. What is the time between the expissaccording to Maria?

www.how-to-draw-cartoons-online.com/cartoon-eaitinlh
fr.depositphotos.com/6046354/stock-photo-Spacestnip.

According to Sarah, the time between eventdis= 0 (since the events are
simultaneous) and the distance between the evebks= 24 ly. So, the time between
the events according to Maria is

vDx

Dt¢:g \&' ?
vDx
=. =z

1 0.6 " 24y x

Ji- 0.6 c’

=-18y
There is an 18-year gap between the explosiongdiogpoto Maria. The sign of this
answer indicates which event happened first. AsseeDx = — = 241y as
positive, it means that event 2 is explosioA2.a negativddt = - was obtained,

must be smaller than ( < ). This means that the event 2 occurred before the
event 1. So the explosion 2 occurred 18 years éa&fplosion 1 according to Maria.

(This is exactly the same situation we had wherfirgetalk about simultaneity. We
then said that Maria observes that the events adoc@007 and 2025. The gap is
effectively 18 years.)

Is it possible to find the years of these explosiancording to Maria, knowing that
the two explosions occurred in 2016 (accordingdaB), just as Maria was passing
next to the Earth? Of course, but to calculate thtém position and the time of each
event according to Sarah must be found first.
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This year 2016 corresponds to the tine0, since = 0 corresponds to the time when
the two observers are at the same place. Thusgwih@016 explosions occurred at
t = 0 according to Sarah.

As Sarah is at = 0 (the observer is always at the origin of dsrclinates), one of the
explosions occurred at=-12 ly and the other at= 12 ly.

Therefore, the time of the explosion Ixat-12 ly according to Maria is

t1¢=g L - -

2
= 0

J1- 0.6 c

:9y

1 _0.6¢ - 12yxc
2

Ast=0is 2016t =9 years is 2025.

The time of the explosion 2 at= 12 ly according to Maria is

_ VX%
t¢=g t,- "z
_ 1 0.6c "1y x
- 0- .
J1- 0.6 c

:-9y

Ast=0is 2016t = -9 years is 2007.
(Correctly, the observer must not necessarily be=a0 of its reference system. The
origin can be put anywhere. However, if the positiof the origin is changed,

remember that the= 0 is the moment where the origins of the twosasygstems of
the observers are at the same place.)

tp is the time between two events occurring at tlmesplace according to one observer.
So for this observer, we have

Dt = to
Dx=0

So, for another observer, the time is
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vDx
C2

Di¢=g 0O -

v’ 0

CZ

Di¢=g 0O -
Dté¢=901,

which the time dilation formula.

$ -

Measuring the length of an object consist of twpasate events: measuring the position
of an end of the object and measuring the positibthe other end of the object. The
subtraction of the two positions gives the lendtthe object L =x, - ;). When the object

is in motion, the position of both ends must be sneed simultaneously. If the position of
the back end of the object is measured at one moamehthe position of the front end of
the object is measured 1 second later, the sulanaat the two positions does not give the
length of the object in motion because the positbrihe front end of the object has
changed during this time. The position of both enas to be measured at the same time.
Thus, for an observer who sees the object moviegmust have

L=Xx,- x=Dx
Dt=0

On the other hand, the position of the ends camdmsured at different times if the object
is at rest.

L, = x¢- x& Dx
Dt' = whatever

The Lorentz transformations then give

Dx' =g( Dx - VDY)
L=g(L-Vv 0)
L:i

g

which is the length contraction formula.
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The interval between two events is defined by

Interval

(Ds)" =¢(D)° (D))" - (Y- (0 3°

In itself, the interval does not mean much. Howettez interval is interesting because it
is a relativistic invariant. This means that alketvers obtain to the same value for the
interval.

Here is the proof that the interval is the sameefggryone. If the observer with primes
calculates the interval between two events, then

(Dsd® =¢(Dt¥ -(Dx)¢-(Dy)e D 2)°¢

=c?g? Dt - Y2X B gox DY)~ 0 Y- D

C2

= (o) - Zoar- L ox)

Thus,

Relativistic Invariant

(Ps)” =(Ds)’

There are not a lot of things on which differenselvers agree, but they agree on the value
of the interval.

Note that if two events are in the same place foolaserver, then the time between two
events according to this observer is the propeg.timthis case, the interval is
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This means that there is a link between the intemd the proper time between two events.
However, this link is not always there. Accordinglie formula.

(Bs)" =¢(D)" -(D)"- (DY~ (0 3°

it is possible to obtain a negative value for titerival. For example, this would be the case
for two simultaneous events located at some distérmn each other. In this case, it is
impossible to calculate the square root to find gheper time between the events. This
simply means that there is no proper time betwkese two events. This happens because
the two events are too far from each other sonbabbserver can see them at the same
place. To be present at the two events, the obsemeald have to travel faster than light
and this is impossible (as will be seen later).s[tibe relation is

Proper time between two events

(eDt)" =(D9)°
If (D)2 > 0

If (Ds)? between two events is positive, it is said thatinterval is time-like. In this case,
there is a proper time and the order of the eveartsnever be reversed. All observers will
see both events in the same order and no obseaveplgserve that these events are
simultaneous.

If (Ds)? between two events is negative, it is said th@tinterval is space-like. In this case,
there is no proper time and the order of the eveamsbe reversed. Some observers observe
event A before event B and some other will obsemant B before event A.

Now, two observers measure the speed of an ofijeetspeed of this objectisaccording
to one observer, and according
to the other observer.

en.wikibooks.org/wiki/Special_Relativity/Print_vésa
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To know the speed of an object, the position ofdhject at two different instants must be
measured. These are two events. With the distagiveebn the events according to Bob
(Dx) and the time between the events according to(Bppthex-component of the velocity
of the object according to Bob is obtained.

u

X

- Dx
Dt

With the distance between the events accordingddXk ) and the time between the events
according to Joel}t ), thex-component of the velocity of the object accordiaglbe is
obtained.

The transformation law of thecomponent of the velocity of the object can be iolet
with Lorentz transformations.

Dx
u, =—
Dt

X

g (Dx¢+vDtp
“ g (DtrvDx ¢ Q)

By dividing the numerator and the denominatoiCbythe equation becomes

Dx¢
gty
D¢
1+ vDx¢
c2Dt¢

\Y

Since

Dx¢

ug=—
9Dt¢

the equation is
ug+v
= —X——
1+ﬂ9
C2

This is the transformation law for tkecomponent of the velocity. By doing the same thing
with the other components of the velocity, the $sfanrmation laws for the velocities are
obtained.
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These formulas were obtained in 1905 by Einsteing2ks before Poincaré!
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So, this is the situation according to Pat.

www.how-to-draw-cartoons-online.com/cartoon-eaitnlh
theoryoftime.com/wordpress/?p=236

(Note that in Galilean relativity, the speed of badl would have been Ic4ccording
to Pat.)

It's time to test the theory. What happens if Heemds a beam of light towards the front?

In his spaceship, Henry sends a beam of light tdsvéine front of the ship. What is the
speed of light according to Pat, who is on Earth?

www.how-to-draw-cartoons-online.com/cartoon-eaitnlh
theoryoftime.com/wordpress/?p=236

According to Henry, the velocity is =c. According to Pat, the speed of light is thus

So, this is the situation according to Pat.
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www.how-to-draw-cartoons-online.com/cartoon-eaitnlh
theoryoftime.com/wordpress/?p=236

This result is in agreement with Einstein’s secpodtulate.

(Note that in Galilean relativity, the speed ohligvould have been Ic&ccording to
Pat.)

Now, Henry will throw the ball upwards.

3

In his spaceship, Henry throws a ball upwards. §ged of the ball according to Henry is
0.6c. What is the velocity of the ball according td,Reho is on Earth?

www.how-to-draw-cartoons-online.com/cartoon-eaittinlh
theoryoftime.com/wordpress/?p=236

According to Henry, the components of the velo@fythe ball are = 0 and
= 0.6&. Thex-component of the velocity of the ball accordind’tt is thus

__ug+v
1+£‘9
C2

X:

(1+0)
=0.&

It is just normal to have the same velocity as Herspaceship since the ball is
following the motion of the spaceship.
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Even if there are three observers in this problBfarence and Alex are the only
interesting observers because we are going tofpassFlorence’s point of view to
Alex’s point of view. As the speed between Floreacel Alex is 0.¢, we havev
= 0.7c (v is always the speed between the observers wherassfrom the point of
view of one observer to the point of view of anetfenis speed is never negative.)

Each of these observers measures the velocityeo$dime object (Sam’s spaceship
here). The velocity of that object isaccording to Florence and according to Alex

( and always refer to the velocity of the same objedtdmcording to different
observers). Note that the values ofand  are negative if the object is moving
towards the negativeaxis according to the observer. This is what jgpgesaing here
with Sam’s spaceship. It is possible forand  to have different signs.

Therefore,
=-0.%¢
= what we’'re looking for
v=0.7

The velocity according to Alex is

_-0.7c 0.7

C

=-0.939¢

So, this is the situation according to Alex.

www.how-to-draw-cartoons-online.com/cartoon-eaitnlh
fr.depositphotos.com/6046354/stock-photo-Spacdstimi.

If Sam’s point of view had been taken, Alex’s spdge would be moving towards
Sam with a speed of 0.9396
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With relativity, it is quite easy to find situatisthat seem paradoxical at first glance. This
means that different results are obtained by takegpoint of view of different observers
whereas different results should have been implessNery early in the history of
relativity, some have highlighted such situatiomfe most famous is probably Paul
Langevin’s twin paradox of 1911 (Langevin is alambus for his extramarital affair with
Marie Curie...). This paradox is a bit too compieXe addressed here because there is an
observer that changes speed. However, simplertisiigathat seem to lead right to a
paradox can be examined.

0 #"

The first case concerns time dilation.

Florence, who is on Earth, has placed a flag 8dsnfthe Earth. When Alex passes next to
the flag, Alex and Florence both start a stopwatch.

www.how-to-draw-cartoons-online.com/cartoon-eattnlfand fr.depositphotos.com/6046354/stock-photaegphip.html

When Alex will pass near the Earth, Alex and Flaeerwill show each other their
stopwatch. Alex and Florence will then be able tmnpare the values given by the
stopwatches to see which is ahead and which is late

According to Florence

Here is what is going to happen according to FloeeBetween the moment Alex starts
her stopwatch and the time she arrives at the Hértfears will have elapsed according to
Florence (6 ly at 0€). However, Florence knows that Alex’s stopwatchicking more
slowly because it is moving. According to the tigiation formula, the stopwatch will
advance by only 8 years while 10 years will havagpeéd on Earth. Thus, according to
Florence, Alex’s stopwatch will indicate 8 yearsthe time of the meeting, while
Florence’s stopwatch, which is ticking at a noripate, will indicate 10 years.
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According to Alex

A paradox seems to appear if the point of view tExAs taken. According to Alex, the
situation is as follows.

www.how-to-draw-cartoons-online.com/cartoon-eattnlfand fr.depositphotos.com/6046354/stock-photaegphip.html

According to Alex, the distance between the Earith the flag is 4.8 ly according to the
length contraction formula. Alex starts her stomlavhen the flag passes by her ship and
she will stop it when the Earth will pass by hes the Earth is moving at @&nd is
initially 4.8 ly away from Alex, the Earth will aue in 8 years. Thus, Alex’s stopwatch
will indicate 8 years at the meeting, just as Rieeshad predicted.

However, Florence’s stopwatch is ticking more shoydince it is moving) according to
Alex. As Florence’s stopwatch is ticking more slgwt should be late compared to Alex’s
stopwatch when they will meet. In fact, accordiagdtte time dilation formula, Florence’s
stopwatch will have advance by

8y——Dto
J1- 0.6
Dt, =6.4y

Thus, Florence’s stopwatch should indicate 6.43gaathe meeting according to Alex.

The Apparent Paradox

There seems to be a paradox because they canrmmttveight. What will be seen on
Florence’s stopwatch when they will meet? Are theing to see 10 years as Florence has
predicted or will they see 4.8 years as Alex hasligsted? They cannot be both right. If
someone takes a picture of Florence’s stopwatchnwthey will meet, the display of
Florence’s stopwatch can be seen on the photogtapd.impossible to have a result
different from what is seen on the photograph.

The Solution

In reality, there is no paradox when the problemiase correctly. Florence’s reasoning is
quite correct: Florence’s stopwatch will indicat® yiears at the meeting. It is the passage
from Florence’s reference frame to Alex’s that \dage incorrectly. To do it correctly, the

positions and the time of the events accordingdoelice must be used.
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www.how-to-draw-cartoons-online.com/cartoon-eaithlh
fr.depositphotos.com/6046354/stock-photo-Spacdstnip.

Thet = 0 is when the observers meet (this is what wssiraed when the Lorentz
transformations were obtained). Thus, the staré tohthe stopwatches is= —10 years

since they start 10 years before the meeting (wisithet = 0) according to Florence. As
for thex =0, it is set where Florence is (which is atahgin of her axes system). Lorentz
transformations are then used to obtain the timdspasitions in Alex’s reference frame.

According to Alex, the coordinates of the meetismppwatches stop) are

V.
x¢ =g(x - i, ) tw¢=gh-c—x;”
5 5  0& 0
=—(0- 1= =
§=2(0-0 =2 0 ——
x§ = t$=0

(These values make sense since the time of tharmgast by definitiont = 0 andt = 0.
In addition, the meeting is at the place where Akejlocated at that time, which is the
origin of Alex’s axes.)

According to Alex, the coordinates of the startAdéx’s stopwatch (Alex’s stopwatch
starts) are

VX
ngg(XA’ VtA) tA& 9 ty C_ZA
x§ = (- 6yxc- 0.60¢- 10y) jo=> - 10y 2B
4 4 C
x¢ = Oly t,0=-8y

This means that Alex’s stopwatch starts 8 yearsrbethe meeting (which is at= 0).
Alex’s stopwatch should, therefore, indicate 8 geahen they will meet according to
Alex, as expected by Florence and Alex.
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According to Alex, the coordinates of the start Flbrence’s stopwatch (Florence’s
stopwatch starts) are

x¢=g(% - Vi) TF‘EQTF'%

500 s 5 0.6 0
x;_t-z(o 0.6¢- 10y) = 7 =
x¢ =7.9y t0=-12.5

Oh surprise! Florence’s stopwatch will run for 19éars as it will stop at = 0. But this
stopwatch is moving at c6and is, therefore, ticking more slowly. The timiation
formula can be used to calculate by how much tioigvgatch will advance.

Dt
12,5y =——
V1- 0.6

Dt, =10y

Florence’s stopwatch should, therefore, indicatgddrs at the meeting according to Alex.
Alex’s forecasts are in line with those of Florence

The error that led to the paradox was to think thatstarts of the stopwatches were also
simultaneously according to Alex. If the startsgireultaneous according to Florence, then
they cannot be simultaneous according to Alex. Thighat the Lorentz transformations
are telling us: Alex starts her stopwatch at —8 years and Florence starts her stopwatch
att =-12.5 years. Florence started her stopwatchetfs before Alex according to Alex.

It is true that Florence’s stopwatch is ticking mstowly according to Alex, but it will still
indicate a greater value than Alex’s stopwatch bseat has started 4.5 years earlier than
Alex’s stopwatch.

Therefore, there is no paradox.
The transformations also indicate that Florence wadight-years away from Alex when
she started her stopwatch € 7.5 ly for the start of Florence’s chronometed #lex is

always atx = 0). As Florence moves at 0.&ccording to Alex, she will arrive 12.5 years
after the start of Florence’s stopwatch, as expecte

What if each observer emits light flashes?

Now, it will be assumed that Alex’s and Florencefepwatches both emit a flash of light
every year after they have been started. Let’s ttbaw many flashes each observer will
see. The number of flash seen by Florence is e@quile time elapsed for Alex and the
number of flash seen by Alex is equal to the tinapsed for Florence. Will these results
match with the calculations made previously?
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Florence sees Alex coming towards her. Accordinghat was said, Florence should see
8 flashes emitted by Alex’s stopwatch in 10 yedtsfirst glance, it looks like there is a
problem. If the Doppler effect formula is used teasure the time between the flashes as
seen by Florence, the result is

To=T, | Y
c+vV
c- 0.6¢c
c+0.6c

0.4
=1V, [—
4 1.6

/1
=1v.[—
y 4

=0.5y

=1y

Florence sees a flash every 6 months. As it takKegehrs for Alex to arrive, Florence
would see 20 flashes of light. This means that&fryhave elapsed in the ship. Yet, it was
calculated that 8 years have elapsed...

Of course, there is a mistake in the previous ¢aficn. Dates will be used to help
understand the following reasoning. Suppose tleagrading to Florence, Alex’s spaceship
passes by the flag in 2020 and passes by the Ba2080. This gives a journey that lasts
10 years according to Florence, which is in agregméh what had been said. However,
Florence does not see immediately the first flasiited by Alex’s stopwatch. As the flag
is 6 ly away, Florence will see this flash onlydays after Alex has passed by the flag. So,
she will see the first flash only in 2026. As Aleasses by the Earth in 2030, Florence will
see flashes during only 4 years. During these 4syeshe sees a flash every 6 months,
which gives a total of 8 flashes. Therefore, 8 gdwmve elapsed in Alex’s spaceship, as it
has been calculated.

What will Alex see? She sees Florence travellingatals her at 0® This means that she

will also see a flash every 6 months. Accordind\tex, Florence’s stopwatch is running

for 12.5 years. However, Alex will not see 25 flashof light because the first flash is
emitted when Florence is 7.5 ly away. Thus, thasHl will be seen with a 7.5-year delay
so that there is only 5 years (12.5 years — 7.5sydmetween the first and the last flash.
With a flash every 6 months for 5 years, 10 flaskiisbe seen. This is in agreement with
our previous results, which showed that 10 yeave letapsed for Florence.

Note: Florence will see Alex travelling faster tHayint (actually 1.5 times faster than light,
because she will see her travel 6 light-yearsyeafs), but this does not mean that Alex is
travelling faster than light. This is not becauseohserver sees an object travelling faster
than light that the object is really travelling taxsthan light. In fact, Florence knows she
saw the beginning of the trip with a delay of 6 rgeand that the journey of the spaceship
actually lasted 10 years. Therefore, she obsehatghe speed is 6 ly/10y = 8.6
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6(

Now, here is a situation that also seems paradblidainvolving length contraction this
time. Gontran is in a 33 m long train (length atyevhile Euzebe is on the ground and
watches the train passing. Gontran has placed aageach end of the train. When he
presses a button, the two guns shoot a bulleeasdame time in the ground. Euzebe drew
a ruler on the ground to measure the position@bihilet holes. Here is this situation when
the train is at rest.

prancer.physics.louisville.edu/astrowiki/index.fhpécial_Relativity

Now let’s calculate the position of the bullet lolen Euzebe’s ruler when the train is
moving at 0.8. Gontran’s instructions are to fire when the goecated at the back of the
train is above the 0 of the ruler drawn by Euzebe.

According to Gontran

In Gontran’s reference frame, Euzebe and the
ground are moving.

prancer.physics.louisville.edu/astrowiki/index.fpécial_Relativity

The guns are 33 m apart according to Gontran. Hewedhe ground, moving at @8
according to Gontran, is contracted. The ruler,clwhwas drawn on the ground, is also
contracted so that the gun in front of the traima$ above the 33 m mark when it fires.
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According to the length contraction formula, thexgsiabove the 55 m mark when it fires.
Therefore, it makes a hole in the ground at thenSsark on Euzebe’s ruler.

According to Euzebe

This is the same situation as viewed from Euzetaference frame.

prancer.physics.louisville.edu/astrowiki/index.fhpécial_Relativity

According to Euzebe, the train is contracted ardgilns are only 19.8 m apart according
to the length contraction formula. When the guresfmed, the gun located in front of the
train is above the 19.8 m mark. This gun will maleole in the ground at the 19.8 m mark
on Euzebe’s ruler.

The Paradox

There is a paradox: the observers do not haveatine osition on Euzebe’s ruler for the
hole made by the bullet fired by the gun in frohthe train. The hole should at the 55 m
mark according to Gontran and the 19.8 m mark aicegrto Euzebe. Once again, a photo
of the hole and of the marks of the ruler drawriEbgebe on the ground cannot be different
for each observer.

The Solution

There is obviously something that has not been gwoperly. To find out what went
wrong, Lorentz transformations are used again. dlage two events here: the firing of
each gun. According to Gontran, the guns shoot Isimeously and are 33 m apart.
Therefore,

Dx¢=x,¢ x £33m
Dt¢=0
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It was assumed here that Gontran is moving tow#rdspositivex-axis according to
Euzebe so that Gontran uses primes. Giving a pesvalue to - , automatically
means that the firing of the gun in front of thainris event 2 and that the firing of the gun
at the back of the train is event 1.

According to Lorentz transformations, the distarmrel the time between the events
according to Euzebe are

Dx =g( D¢+v It ¥ D =y [D(I:+V|:)—X¢
C2
Dx=2(33m+0.8c §  Dt=2 o+2F 3
3 3 c?
Dx =55m Dt =1.467 10’ s

Thus, the distance between events, so betweerutle boles, is also 55 m according to
Euzebe. There will be a holexat 0 and a hole at= 55 m, as predicted by Gontran.

The results of the transformation also show theéakesmade. For Euzebe, the guns do not
fire at the same time! The time- = 1.467x 107 s means that gun 2 (the one in front of
the train) fires 1.46% 10 ’ s after the gun at the back of the train. Durinig time, the
train, which is moving at 088 has moved 35.2 m. Here is the solution of whapbkap
according to Euzebe. First, the gun in the badsfand make a mark on the ground.

prancer.physics.louisville.edu/astrowiki/index.fpécial_Relativity

1.467x 107 s later, the gun at the front of the train firesl &eave a mark on the ground.
Meanwhile, the train has moved forward by 35.2 m.
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prancer.physics.louisville.edu/astrowiki/index.fpécial_Relativity

The position of the hole on the ruler is, theref@®.2 m + 19.8 m = 55 m according to
Euzebe, as predicted by Gontran. There is no paradwe the predictions of both
observers are the same.

7 #

Here is another situation that seems paradoxicahvitie solution is not done properly. In
this example, there is a 15 m long barn and a 2@nign pole.

hyperphysics.phy-astr.gsu.edu/hbase/relativ/potebamnl

The pole is too long to enter into the barn unlegees very fast. Ronnie takes this pole
and runs at 08 Because of length contraction, the pole is o2lyrllong then.

hyperphysics.phy-astr.gsu.edu/hbase/relativ/pofebanl

Barney, who is beside the door of the barn, opeasloor to let the pole in and can close
the door since the pole can fit entirely inside ltlaen.
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This situation seems paradoxical, however, if Relsrpoint of view is taken. For him, the
pole is at rest and the barn is coming towardsdtit&.

hyperphysics.phy-astr.gsu.edu/hbase/relativ/pofebanl

For Ronnie, the pole is 20 m long while the barromy 9 m long because of length
contraction. The pole cannot possibly fit into ben and Barney cannot close the door!

So, can the door be shut or not? If it can be abhabrding to one observer, it must shut
according to every observer. Relativity changestiime at which an event occurs but
events cannot appear or disappear with a changdesence frames.

To solve this mystery, it will be assumed firsttttiee back wall of the barn shatters when
it is hit by the pole. In this case, Barney careBushut the door because the pole gets out
on the other side of the barn. Notice, howevet tihe door shuts before the wall breaks
according to Barney, while the wall breaks beftwedoor shuts according to Ronnie. The
order of the two events is reversed depending erotiserver. This is quite possible in
relativity since the time at which an event ocathranges from one observer to another. It
is possible that this change reverses the ordgreoévents. Don’'t worry, this inversion is
impossible if an event is the cause of the other!

Let's now assume the wall doesn’t shatter upon shga this case, the solution is more
subtle. It will be shown a little further than noth can travel faster than light according to
the equations of relativity. This means that whea front of the pole hits the wall and
stops, the back end of the pole does not stop inated@ Before the back end of the pole
stops, the information saying to the back end basdp must travel to the back end of the
pole. As this information cannot go faster thahtjghe back of the pole continues to move
forwards for a while before stopping. This motidntlte back end of the pole that takes
place while the front end is stopped makes the @aode shorter than the contracted length.

So, this is what is happening according to Barfidéwe pole enters the barn, and he shuts
the door. Then, the front end of the pole hits wadl while the back end of the pole
continues its motion until the length of the padeonly 6.67 m. Then, the information
arrives at the back end of the pole saying thaptile is now at rest. But this pole is 20 m
long at rest. So, it grows at the speed of lightl ireaches 20 m long, and the door gets
smashed.

In Ronnie’s reference frame, the moving barn Hitsright end of the pole at rest. But the
left end of the pole doesn’t immediately know ttiegre was a contact and stays at rest.
While the right end of the pole is moving towarls teft at 0.8, the left end stays still,
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and the pole gets shorter. This shortening of tie pontinues until the information of the
collision with the barn arrives at the left endlué pole. When the information arrives, the
pole is only 4 m long and is smaller than the 9nglbarn. Barney can then shut the door.
As the perch is 12 m long when it is moving atQiBextends at the speed of light until it
is 12 m long. The pole then smashes the door, kedais longer than the barn!

There is no paradox. Barney can close the doorditgpto both observers.

Rest your brain a few moments while new connectimta/een neurons are formed...

Newton’s laws were in agreement with Galilean reigt Changing from one frame to
another using Galilean transformations, the vatiiéise momentum and the kinetic energy
according to another observer are obtained. Wigsdhransformations, the momentum
and the kinetic energy are conserved for everyrobsé an elastic collision.

With the changes made to relativity by Einsteire tesults obtained witp = mu and

= ¥mu? are no longer validu(is used since this is the symbol used for thedpéan
object in this chapter). With these formulas, ih &g shown that the momentum and the
kinetic energy are not conserved anymore for eebserver in an elastic collision when
Lorentz transformations are used to pass from @rad to another. New formulas for the
momentum and the kinetic energy has to be foupddserve the principles of conservation
of pand

(

To find the new formula of the momentum, a collsishere the momentum is obviously
conserved for an observer is considered. Thenctdiiision is examined in the referential
of another observer to determine how the momentmmdla must be changed so that
there is also momentum conservation for this oleserv

Here is this proof.
http://physique.merici.ca/waves/proofprel.pdf

Then, the following formula for momentum of an attjef massn moving at speed is
obtained.
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Momentum

(gis calculated withu, the speed of the object.)

$

Four-vectors
There is a formalism in relativity that was notrséere. This formalism indicates that a

vector with 3 components has no place in relativitgtead, there are four-vectors, which
are a kind of 4-dimensional vectors.

For example, the vectddx giving the distance between two events, whose coes are
(Dx, Dy, Oy)

cannot exist in relativity. This vector is actuafigrt of the four-vectobDs (the interval),
which has the following 4 components.

(cDt, Dx, Dy, DY)

(Note that not all vectors become four-vectorselativity. For example, the electric and
magnetic fields become the 6 independent compomératglx 4 matrix.)

The Four-Vector With Momentum

The momentum cannot have only 3 components inivélatlt must be part of a four-
vector with 4 components that looks like this.

(2.p..p,.0,)

Then, what is this unknowrf'component?

The last 3 components of this four-vector can bmiobd from the last 3 components of
the interval. These components are obtained byiphyitg the mass by the derivative of
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the interval with respect to the proper time. Lelfgstrate this for thex-components.
According to what was said, thecomponent of the momentum is

dx
p, = M—
dt,
Using the time dilation formula
gt =—db_
1-=
the momentum is
Py = L dx
o 1-v dt

The speed in the square root is also the speed of the oljjgctndeed, the object must
be at rest for the observer who measures the ptoper So, the speed between observers
is also the speed of the object according to tlseter who sees the object moving. Thus
v = u. Also, dx/dtis the speed of the object. Therefore,

1
1- &

P =
This is the momentum formula found in the previeastion.

This allows us to find the unknown component. lbigained by doing exactly the same
manipulations (mass multiplied by the derivativéhaiespect to the proper time) with the
first component of the interval. As the first compat isct, the unknown component is

md (ct)
dt,

Using the time dilation formula, the result is
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d(ct) dt
= mc—
dt, dt,
1 dt
1- v dt
1
= —mc
- %
1
= =mc
1- %

(Thev became a for the same reasons as those mentioneg Yor

This is the first component of the four-vector threludes the momentum.

What is this component?

It remains now to find the meaning of this compdnenWe can have a better idea by
calculating what this component looks like at Iqgweed. The result is

u2
mc» 1+—+ mc
1- & 2c?
2

C

1
» mc+— my +
2c

»} m(‘,2 +E mLf+
C 2

The last line allows us to understand the resuie ¥m? is the kinetic energy of the
particle. This component is, therefore, linked toergy. We’'ll call this energy the
relativistic energy. Therefore, the four-vectod@ad theenergy-momentum four-vectos

E
PP P

whereE is the relativistic energy, which is
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t)

The low-speed approximation shows that the kirgtiergy in included in this energy. But
it also shows that there is something more thaédép only on the mass of the object. This
is themass energy

It then becomes obvious that the relativistic epesghe sum of the mass energy and of
the kinetic energy.

Therefore, the kinetic energy can be found.

E=mé&+E
E.=E- m¢
E, =gmé&- mé

—
>
c
2

t)

Note that this equation could have been obtainedtésting from the idea that work is
equal to the change in kinetic energy. This mehas t

dp, dx
DE, =W = Fdx= —* dx= — dp = d
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Using the momentum formula in this equation wowlddnled to the same result.

All these energy formulas were obtained for thstfitme by Einstein in 1905. (However,

it was realized later that the proofs given by Eiswere incomplete. The first correct

proof was made by Max von Laue in 1911 and a stdle general proof was made by
Felix Klein in 1918. Is it not ironic? The equatiorore often associated with Einstein was
not proven by Einstein...)

: $ E = me&+

First, this equation means that mass has energy.

This energy can be converted into other forms @rgy It must be said that it is an
astounding amount of energy. The energy of 1 gramatter is

E=me=0.00kg (3 162)= "9 18

This value corresponds approximately to the enszpased in the atomic explosion of the
Hiroshima bomb!

However, this conversion is quite difficult to db.can be done by making matter and
antimatter touch. In this case, matter and antenathnihilate each other and the entire
mass is converted into another form of energy.gf@on and an antiproton touch, there
won't be any matter left after the contact, therk be only light. It must be said that this
process does not often occur because free antindatte not exist anymore in the universe.
Antimatter is known because some was created iicjgaccelerators, and because some
is created when cosmic rays hit the atmospherdigh-energy collisions, part of the
kinetic energy is transformed into mass energyltiegun the creation an equal amount of
matter and antimatter.

Second, this equation means that energy has mass.
Here are some examples of this

Mass of the Kinetic Energy

A moving object has a mass greater than an idémigact at rest. This is so because the
moving object has some kinetic energy and this@nbas mass. The total mass of the
object is then
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rT‘lot =m+ r‘mineticenergy

A Completely Inelastic Collision

Two 2 kg objects arriving at identical speeds malemmpletely inelastic collision. After
the collision, the two balls form a 4 kg objectrast and the kinetic energy is converted
into heat. If the mass of this 4 kg object is meadwery precisely, we will discover that
its mass is greater than 4 kg because the heathwdha form of energy, has a mass.

(In fact, the total mass has not changed in thikssean. Before the collision, each object
has a mass equivalent to the sum of the mass aflijeet and the mass of the kinetic
energy. After the collision, the mass is equalie sum of the mass of the two objects
glued together and the mass of the heat. Theseeméssfore and after the collision) are
identical.)

Mass of the Potential Energy

If a brick is lifted, the gravitational energy ieases. As this form of energy also has mass,
the mass of the Earth-brick system increases Sliglten the brick is lifted. For the same
reason, the mass of the Earth-Moon system woutéase if the Moon were to move away
from the Earth. Thus, the Earth and the Moon tagreltave a lower mass than the mass
they would have if the Earth and the Moon were s#pd.

Similarly, the mass of the hydrogen atom increafstee electron moves away from the
nucleus. As electric energy increases when twogesaare separated, the mass of the
system increases when the charges are pulled dp&tmass of a proton and an electron
far from each other is, therefore, greater thamthss of the hydrogen atom.

However, in most cases, the change in mass is ath $rat it is impossible to measure it.
It is impossible to measure the mass change wheitlais lifted or when an electron is
removed from an atom. In fact, there are only a ¢ases in which there is a significant
change in mass that can be measured. The onlyhaestahen this happens that will be
seen here is the atomic nucleus.
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Atomic Nucleus

There is a decline in mass when an atomic nuckefmsiined. If a proton has to be removed
from an atomic nucleus, energy must be providedchvincreases the mass. If all the
protons and neutrons in a nucleus are taken oataftar the other, the mass increases even
more. This means that the mass of the atomic nsicdesmaller than the mass of the protons
and neutrons when they are far apart from eachr.one¢his case, there is a variation of
the order of 1%, and this variation is easily meaguThis variation of mass will be dealt
with in the chapter on nuclear physics.

A small note to complete this section. When thegpnef a subatomic particle (such as a
proton or an electron) is calculated, the valuetaiobd are generally very small if
calculated in joules. Physicists usually use tleetebnvolt to measure the energy of such
small particles. There is an exact definition & éhectronvolt (that we will see in electricity
and magnetism) but we can be content here withstimple following definition.

Electronvolt (eV)

1eV=1.60Z 10°J

3
a) What is the mass energy of an electron, whose im&$1x 103 kg?
The mass energy is
E=me
=9.11 10%g (3 162)
=8.18 10™J
=51%keV

b) What is the kinetic energy of an electron travejlat 0.&?

The kinetic energy is
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E.=(9-1)me

—-1 mc?
1- (0,9’

> 1 51keV
3

=340keV

Note that with ¥, the kinetic energy would have been 164 keV.

3!

How much energy must be given to a 100-ton spagesitially at rest so that it moves at
0.8c?

The energy is

DE =E, - E
=g,me- gmeé
z(gf - g)m('q

5

= -1 (100,008g)( 3 1be)’

=6" 10°J
As all the power stations on Earth produce appraxity 6.8x 10'° J each year (2010
figure), the energy that must be given to the sgiaipecorresponds to 88 years of all

the electricity produced on Earth! Such a feat wit be achieved soon! It looks so
easy in science fiction movies...
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33

A 1-gram object moving at 0c8nakes a perfectly inelastic collision in one dirsien with
a 15 g object at rest.

physics.tutorvista.com/momentum/inelastic-collisikaml
a) What is the speed of the 16 g object after thestofi?

As in any collision, momentum is conserved. Betbeecollision, the momentum

is
pbefore:gmu
:;20.001(9 x0.&
1- (0.8)
=400, 00G<"
After the collision, the momentum is
pafter :gmu
=9(0.016&g u

Since momentum is conserved, we have

pbefore = paﬁer
400,000<" = g (0.01Kg U
25 10 2= gu

It only remains to solve this equation far
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The kinetic energy has, therefore, decreased by 502 J in this collision. (This
energy would normally be in the form of heat a#ierinelastic collision but the
energy here is practically equal to the energyasad by the atomic bomb of
Hiroshima. The 16 g object would surely be vapatixe

7 E # p

There is an interesting link betweErandp. Let’s calculate what i&? — (pc)2.

E2- (pc)zzgzmzc“- gnigé
= (cz- uz)mzc2

Thus
Link Between Relativistic Energy and Momentum
E?- (pc)Z: (mé)2

Note that the term on the right is a relativistiwariant. All the observers get the same
value when they calculai — (pc)2.

(In fact, many relativistic invariants can be oh&d with four-vectors. If there are two
four-vectors(a,, a,, &, a,) and( h ,b . ,h), then

ah- ab- ah ah

is necessarily an invariant. For example, if batind b are the four-vectorcDt, Dx,
Dy, Dz), then the following result

(cDt)” - (DX)*- @y)*- O 2°= constan

is obtained. )
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35

A particle at rest having a 50 MeV mass energy yeaato two particles which move in
opposite directions. The mass energy of one ofetlpesticles is 15 MeV, and the mass
energy of the other particle is 25 MeV. What am $peeds of the two particles?

As in any process, the relativistic energy is covs@g Since the mass energy is
50 MeV before the decay and 40 MeV after the dettaykinetic energy of the two
particles after the decay must be 10 MeV.

Since the momentum is zero before the decay, it alss be zero after the decay. So,
we have the following equations.

E, + E., =10MeV
P+ p, =0
Using the formulas fop and , these equations become

- 1 x15MeV + - 1 x25MeV =10MeV

FE T

We then have two equations with two unknowns, wieh be solved. But as it is very
difficult to solve this system, another approachl i used. This approach uses the
following equation.

2
E2- (po)’= (mé)
Thus, since the momentum is conserved, we have
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Pp=-0
=P
p’c’ = pic

EF- nfc'= - nfé

Since
E + E, =50MeV
the equation becomes

E2- mfc’= (50MeV E)~ ré
EZ- nfc'= 2500MeV- 100Me¥ E+ B- it
- mc'= 2500Me\’- 100Me¥ E ht

Solving for the energy of particle 1, the result is

_ 2500MeV?- nf ¢+ rf ¢

= 100MeV

Using the values for the mass energy, the energy is

- 2500MeV? - ( 25MleV)*+ ( 15MeV)’
i 100MeV

=21MeV
From there, it can easily be found that

E, =50MeV- E
= 29MeV

As the relativistic energy is the sum of the massrgy and the kinetic energy, it can
easily be found that the kinetic energy is 6 Mekdarticle 1 and 4 MeV for particle 2.
The sum of these kinetic energies is indeed 10 Ms\fyredicted.

The value ofgfor each particle can then be found with the nelgtic energy formula.
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E, =gmc E=gmé
21MeV = g X15MeV 29MeV =g 25MeV
9=14 g=1.16

With the gs, the speeds can be found.

1.4:#2 1.16:;2
L[ + (2
u, =0.6998% u, = 0.50676
* E*x . #8 p(" 7- #

Small interesting note. If the relativistic eneiigyconserved in a collision, then it can be
proven, using the principle of relativity, that thr@mentum is automatically a conserved
guantity.

The proof can be seen hengtp://physique.merici.ca/waves/proofEandp.pdf

( #

Let’s have a look at the graphs of the momentumadrde kinetic energy of an object as
functions of its speed. On each graph, the valuesrding to Newton’s Physics (in blue)
and the values according to Einstein’s physics€d) are plotted.
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Three things can be noted.

1) The values given by the relativistic formulas dweags larger than those given by
the non-relativistic formulas. An example of themcbe seen in example 10.13.1
(340 keV vs. 164 keV).

2) The values are virtually identical for small speéstsy, less than 20% of the speed
of light). The non-relativistic equations are, #fere, very good approximations at
low speeds.

3) Thevalues opand are infinite au = c.

This last point shows that it is impossible foradoject to reach the speed of light because
it will take an infinite amount of energy for thbject to reach this speed. The speed of an
object cannot exceed the speed of light.

Maximum Speed

No object with a non-vanishing mass can reachpleed of light.

The media don’'t seem to be aware of this fact.
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www.epicfail.com/2012/10/16/news-fail-5/

However, this speed can be reached if the massas In this case, the energy, which is
E=gmc

may not be infinite even i is infinite becausen = 0. But then, the equation givEs= 0

if gis not infinite. If the energy is zero, then thigect does not exist. Therefore, an object

without any mass can only exist if its speed isadtp the speed of light.

The only thing known that has no mass in all curtieeories is the photon, which is a light
particle (we will talk about it in the next chapter

Photon Speed

Photons always travel at the speed of light becthesemass is zero.

Moreover, for photons, the relation betwdeandp is

sincemis 0. Therefore,
Link Between Momentum and Energy for Photons

E=pc

2018 Version 10-Relativity 89



Luc Tremblay College Mérici, Quebec City

0 C

The fact that massive objects cannot exceed thedspieight does not mean that nothing
can go faster than the speed of light. Some “tHiogs go faster than light, but they are
not material things.

For example, the bright spot made by a laser poomea screen can go faster than light.
By turning the pointer by 5°, the spot moves on seecen. If the screen is far, the
displacement of the spot can be very large. Ifsttreen were 1 billion km away and the
pointer is turned by 5° in 1 second, the spot wonde 87,000,000 km in 1 second on the
screen. This speed is greater than the speedhif Hpwever, no particle has made this
displacement since the spot is constantly madewfphotons.

Also, remember that, sometimes, it is possibleet® @n object moving faster than light
even if it's travelling slower than light. This ph@menon was encountered with the
example of Florence and Alex. In that example, élce sees Alex travel 6 ly in 4 years,
giving her an apparent speed ofd.However, when Florence takes into account the tim
of arrival of the light, she observes that the spisectually 0.6.

These speeds apparently higher than the
speed of light can be observed in the
universe. For example, the jets of gas made
by the quasar 3C273 seem to travel faster
than light as seen from Earth.

en.wikipedia.org/wiki/3C_273
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The Relativity Principle

The laws of physics are the same for all the olesermoving at a constant speed.

Galilean Transformations

X = x¢+ vt Xx¢& x- vt
y=yt y&y
z=2 z¢& z

The observer who sees the other travelling towtHre:iegativex-axis uses primes
Galilean Velocity Transformations

u, = ug+v ul=u- v
u, = ug ut=u,
uZ = ug uZ¢: uZ

Galilean Acceleration Transformations

a =af al=a
a, = af af= a
a,=a¢ at= a,

Einstein’s Postulates
1) The laws of physics are the same for all the olegsrinoving at a constant speed.
2) The speed of light in a vacuum is always 300,000sKactually 299,792.458 km/s)
for all observers.

Time in Relativity

If an observer is moving with respect to anothiee, moments at which events
occur is not the same for these two observers.

Simultaneity
If two events are simultaneous for an observehaytare not simultaneous for

all the observers moving with respect to observer A
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Time Dilation

Proper Time t,

College Mérici, Quebec City

Proper time is the time between two events accgrttiran observer who
observes the two events in the same place.

Length Contraction

L= f1-2=
g
Approximations of the gfactor if v<<c
2
» 1+V—2 +
- 2c

2

N V—2+
¢ 2C

Relativistic Doppler Effect

c-V
TC¢=T, v

&

ctv

fo= fo,
-V

(vis the speed of the source according to a mossrdeserver.)
The sign convention for speed stays the samevessit The positive direction is from the
source towards the observer. The speed of theswmupositive if it is heading towards
the observer and negative if it moves away fromotbeerver.
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Lorentz Transformations (1)

x¢=g(x- vi) x= g x& vt
yé=y y=y¢
zt=z z= z¢

=g t-— t= gtd;v—)f
c c

(vis the speed of an observer according to anothszroer.)

Lorentz Transformations (2)

Dx¢=g( Dx - DY) Dx =g Dx¢+v D)«
Dy¢= Dy by =iy¢
Dz¢= Dz Dz = Dr¢

Dte=g O -V D =g 0o

c? c?

(vis the speed of an observer according to anothszroer.)

Which Observer Uses Primes?

The observer who sees the other travelling towtirel :iegativex-axis uses primes.

The Interval

(bs) =¢(D)" -(DX”- (DY~ @ 3°

(D" =( D9

Proper Time Between Two Events
2 2
(cDt,)" =( Ds)
If (Ds)2>0
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Velocities Transformations

ug= u,- v u = udt v
- VUX 1+ E
c2 c?
u?: U—y ]\-/- < uy :—u “1\-/ =
1. VU w V¥
c2 (o2
ug,—uz - u_ug;/l-%j
1. VU w V¥
c2 c2

(v is the speed of an observer according to anothesreer.)

Momentum

(gis calculated withu, the speed of the object.)

Relativistic Energy
Relativistic Energy = Mass Energy + Kinetic Energy

E=_1 —mc =gmé

1- 4
(gis calculated withu, the speed of the object.)

7

Mass Energy
Kinetic Energy (Ey)

E =(9-)me
(gis calculated withu, the speed of the object.)

Link Between Relativistic Energy and Momentum

E*- (pd°= ( mé)2
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Maximum Speed
No object with a mass can reach the speed of light.
Photon Speed
Photons always travel at the speed of light becthesemass is zero.
Link Between Momentum and Energy for Photons

E=pc

1. Adolf leaves Earth at 80% of the speed of lighg¢oto the star Procyon, 11.4 ly
away from Earth.

www.how-to-draw-cartoons-online.com/cartoon-eattilh
fr.depositphotos.com/6046354/stock-photo-Spacdstnip.

a) What is the duration of the trip according to Ewap has remained on Earth?
b) What is the duration of the trip according to Aqolf

2. A clock remains on Earth while another clock is ingwelative to the Earth at a
speed of 0.6 Initially, the two clocks are synchronized. Thevimg clock goes
90 million km away (according to observers on Baatid comes back on Earth at
the same speed. What will the difference betweerithe indicated by the moving
clock and the clock which has remained on Eartlomee the moving clock has
returned to Earth?

3. Two twins, Octavius and Augustus, leave Earth atséime time, the day of their
20" birthday, to go on another planet located 12 dyrfiEarth. Octavius travels at
0.8, and Augustus travels at @.6Vhat will the age of the twins be when Augustus
finally arrives on the planet?
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2 $ -

4.

A baseball has a 7.2 cm diameter at rest. What
will the width of the ball I in the figure) be
if it moves at 87% of the speed of light?

www.mattshields.com/?cat=14&paged=2

An alien past beside Tom. Tom and the alien aré botding a 1 m long ruler
(length at rest) as shown in the figure. Accordm@om, the ruler held by the alien
is only 80 cm long.

www.quarkology.com/12-physics/92-space/92E-relgtititml

a) What is the speed of the alien according to Tom?
b) What is the length of Tom’s ruler according to #ien?

The distance between the Earth and a star is 5@6dgrding to an observer on
Earth. How fast must a spaceship travel so thatlistance between the Earth and
the star is only 20 ly according to the observerthe spaceship?

Raoul wants to travel to the star Betelgeuse, &ut&43 ly away from the Earth
(according to an observer on Earth). How fast rheggo so that the trip lasts only
20 years according to Raoul?

Ahmed looks at Yitzhak's spaceship passing at
0.9%c. Ahmed noted that, according to him, the two
spaceships have the same length. What is the ratio
of the lengths of the spaceships according to
Yitzhak?

s3-us-west-2.amazonaws.com/oa2/docfiles/54662e066785bdd0100/54662e916f7065735bdd0100.html
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9. A muon lives only 2.2 us when it is at rest. Assutima newly created muons are
launched at one end of a tunnel and are receivé @ther end of the tunnel. The
tunnel is 1 km long.

a) How fast must a muon go so that it can travel 1dkmng his lifetime?
b) At this speed, what is the length of the tunnebading to the muon?

10.Agathe measures the time it takes for a train gain80% of the speed of light to
pass beside a post. She starts her stopwatch wadront of the train is beside the
pole and she stops it when the back of the trdessde the pole.

renshaw.teleinc.com/papers/simiee2/simiee2.stm

On the train, Justin also measures the time itstéike train to past the post exactly
as Agathe does it. The train is 2000 m long whénat rest.

a) What is the length of the train according to Ag&the

b) How long does the train take to past the post ategrto Agathe?
c) How long does the train take to past the post awegrto Justin?

4 $ 9.1

11 A source on Earth emits a 98.1 MHz electromagmvesice. What is the frequency
received by Terence if he is in a spaceship moatr@h% of the speed of light,...

a) towards Earth?
b) away from Earth?

12 A star emits a light wave with a 550 nm wavelenggineen). What is the
wavelength of the wave received by an observer sdes the star moving away
from him at 30% of the speed of light?
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13 How fast must an observer move towards a red t-shir
(650 nm wavelength) so that the t-shirt looks ke
him (470 nm wavelength)?

www.pinterest.com/pin/30610472438270660/

14 A source on Earth emits a 100 GHz electromagneticentowards a spaceship
heading towards the Earth at 60% of the speedybf.liThe wave reflects off the
spaceship and returns to Earth. Then, what isrdggiéncy of the reflected waves
received by the observers on Earth?

15.n the following situation, what is the frequen®ceived by William if Raphael
receives a 200 MHz frequency and the spaceshipeni00 MHz frequency?

www.how-to-draw-cartoons-online.com/cartoon-eattnlhand fr.depositphotos.com/6046354/stock-ptgpaceship.html

16.n the following situation, Ursula’s spaceship esitflash of light every 10 seconds
(time according to Ursula).

www.how-to-draw-cartoons-online.com/cartoon-eattnlhand fr.depositphotos.com/6046354/stock-ptgpaceship.html

a) What is the time between flashes according to Wilrobservations?
b) What is the time between flashes as seen by Wilfrid

c) What is the time between flashes according to Eld@siobservations?
d) What is the time between flashes as seen by Flavien
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17In the following situation, Ursula’s ship emitsdtees of light at regular intervals.
Wilfrid sees a flash every 4 seconds, and Flavess & flash every 9 seconds.

www.how-to-draw-cartoons-online.com/cartoon-eattnlhand fr.depositphotos.com/6046354/stock-ptgpaceship.html

a) What is the time between the flashes accordingrsmuld?
b) What is the speed of Ursula’s ship according tovielaand Wilfrid?

18 According to Gertrude, the two explosions are stamdous and 20 ly from each
other.

www.how-to-draw-cartoons-online.com/cartoon-eattnltand fr.depositphotos.com/6046354/stock-photaegphip.html

a) What is the time between the explosions accordingidney? (Specify which
explosion occurred first according to Sidney.)

b) What is the distance between the positions wheeeettplosions occurred
according to Sidney?

19 According to Gertrude, explosion 2 occurred 2 ydmfore explosion 1, and the
distance between the two positions where the ekpieccurred is 20 ly.

www.how-to-draw-cartoons-online.com/cartoon-eattnltand fr.depositphotos.com/6046354/stock-photaegphip.html

a) What is the time between the explosions accordingidney? (Specify which
explosion occurred first according to Sidney.)

b) What is the distance between the positions wheeeettplosions occurred
according to Sidney?
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20 A ray of light passes from the back to the fronfadfain. This train is moving at

0.8 relative to the ground. On the

edge of the track, Jean-Marie is

looking at the moving train. The

following figure illustrates the

situation from the point of view of

a passenger on the train (called

Rodolphe).

hmmthatsfunny.wordpress.com

How long does it take for the light to pass from thack to the front of the train
according to Jean-Marie?

21 A ray of light passes from the front to the backadfain. This train is moving at

0.& relative to the ground. On the

edge of the track, Jean-Marie is

looking at the moving train. The

following figure illustrates the

situation from the point of view of

a passenger on the train (called

Rodolphe).

hmmthatsfunny.wordpress.com

How long does it take for the light to pass frore flont to the back of the train
according to Jean-Marie?

22 Gontran has fixed two guns at each end of his tainwhich has a length of 33 m
at rest. When he presses a button, the two gurtg simultaneously (according to
Gontran) at the ground. This train is moving atpaesl of 0.96 relative to the
ground. On the edge of the track, Euzebe looké&eatrain pass. The following
figure illustrates the situation from Gontran’s ipioof view.

hmmthatsfunny.wordpress.com

a) What is the distance between the bullet holes aowgto Euzebe?
b) What is the time between the firing of the two gwatsording to Euzebe?
(Specify which gun has fired first.)
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23In the situation shown in the figure, Gertrude nuees that explosion 2 occurred
4 years before explosion 1. What should the spde&idney be so that the
explosions are simultaneous for him? (Even if freceship is drawn as a spaceship
moving towards the right, it may have to go towattie left to observe
simultaneous explosions.)

www.how-to-draw-cartoons-online.com/cartoon-eattnlfand fr.depositphotos.com/6046354/stock-photaegphip.html

24 Serge and Tatiana both measure the time it takea fain going at 60% of the
speed of light to go from one post to another. d@iistance between the poles is
200 m according to Tatiana. The train is 70 m laogprding to Tatiana. They start
their stopwatch when the front of the train is deghe first pole and they stop them
when the back of the train is beside the secont pos

renshaw.teleinc.com/papers/simiee2/simiee2.stm

a) What is the time measured by Tatiana?
b) What is the time measured by Serge?
c) What is the distance between the posts accordifgtge?
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25.n the situation shown in the figure, Sidney obssrthat explosion 2 occurred

8 years before explosion 1 and that the distantedss the positions where the
explosions occurred is 5 ly.

www.how-to-draw-cartoons-online.com/cartoon-eaithlh
fr.depositphotos.com/6046354/stock-photo-Spacestnip.

a) What is the distance between the positions wheeeettplosions occurred

according to Gertrude if explosion 1 occurred 7rgehefore explosion 2
according to Gertrude?

b) What is the proper time between the events?

<

26 Aline observes Kim's and Mike's spaceship headingards each other with a
speed of 0.9 What is the speed of Mike’s spaceship accordiigimn?

www.how-to-draw-cartoons-online.com/cartoon-eattnlfand fr.depositphotos.com/6046354/stock-photaegphip.html

27 According to Bertha, Oscar is travelling at ©@.8nd is following Ivan who is

travelling at 0.8. Oscar launches a missile towards Ivan. Accorttn@scar, the
speed of the missile is 0.25

www.how-to-draw-cartoons-online.com/cartoon-eattnltand fr.depositphotos.com/6046354/stock-photaegphip.html

a) What is the speed of the missile according to Bérth
b) Will the missile catch Ivan?
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28.Two 246 m long trains (according to Erin) are hagdowards each other as shown
in the figure. What is the length of John’s tragtarding to Claudette?

prancer.physics.louisville.edu/astrowiki/index.fBpécial_Relativity

29 .Two spaceships are heading towards each othepasmsh the figure. Annabelle’s
spaceship emits a 100 MHz signal (according to Aetl@). What is the frequency
received by Esteban?

www.how-to-draw-cartoons-online.com/cartoon-eattnlfand fr.depositphotos.com/6046354/stock-photaegphip.html

30.Pascal leaves Earth at 80% of the speed of lighewe is 0.9 ly away from Earth
(distance according to Arielle, an observer onligaRablo starts to pursue him at
95% of the speed of light.

www.how-to-draw-cartoons-online.com/cartoon-eattilh
fr.depositphotos.com/6046354/stock-photo-Spacestnip.

a) What is Pablo’s speed according to Pascal?

b) Who measures the proper time between the instdib Rezaves the Earth and
the instant Pablo catches up with Pascal?

How long will it take for Pablo to catch up withdeal...

c) according to Arielle?

d) according to Pablo?
e) according to Pascal?
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31.Paul is travelling towards a planet at 40% of theesl of light according to Lou, a
female inhabitant of the planet. As Paul is notomeie there, Lou launches a
missile at 80% of the speed of light to destroylBapaceship. When the missile
leaves the planet, Paul is 12 ly away from the gtiaccording to Lou.

a) How much time elapses between the launch of thsil@iand the explosion of
Paul’s spaceship according to Lou?

b) What is the distance between the planet and Pspdiseship according to Lou
when the missile explodes?

c) What is the speed of the missile according to Paul?

d) How much time elapses between the launch of theil@iand the explosion of
Paul’s spaceship according to Paul?

e) What is the distance between the planet and Pspédiseship according to Paul
when the missile explodes?

3 ( # $
32.The mass of a baseball is 145 g at rest.

a) What is the speed of the baseball if its kinetiergy is equal to the energy
released by the explosion of Hiroshima’s atomic b@3x 10 J)?

b) How many times must the energy of Hiroshima'’s atob@mb be given to the
baseball so that it reaches 95% of the speed aflig

33.A proton (n = 1.673x 1027 kg) is moving at 95% of the speed of light.

a) What is the momentum of this proton?

b) What is the kinetic energy of this proton (in MeV)?
c) What is the relativistic energy of this proton kireV)?
d) What is the mass of the proton at this speed?

34 How much energy (in keV) must be given to an etecim = 9.11x 103! kg) so
that its speed changes from...

a) 0.7cto0 0.87
b) 0.8cto 0.&?

35.The Sun emits 3.83 x 1Djoules every second. If the Sun loses this eneugyy
second, by how much does the mass of the Sun desreaery second?
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36.A proton (n = 1.673x 102’ kg) has a 50 GeV relativistic energy. What is its
momentum?

37 An electron ( = 9.11x 103 kg) passes in a tunnel whose length is 10 km
according to the observers on the surface of ththE&@he kinetic energy of the
electron is 1 TeV (which is 1eV), always according to the observers on Earth.

a) What is the length of the tunnel in the refereneene of the electron?

b) How much time does it take for the electron to gem® one end of the tunnel
to the other end according to the observers osubface of the Earth?

¢) How much time does it take for the electron to gem® one end of the tunnel
to the other end in the reference frame of thetela@

38.A 5 kg bowling ball travelling at 50% of the speefllight makes an inelastic
collision with the liner Queen Mary 2 whose masg3900 tons.

a) What is the speed of the ship after the collisifiit®e speed of the ship is small
enough to use the non-relativistic formula to cltaithe final momentum.)

b) What is the energy released during the collisiohi€tv corresponds to the lost
kinetic energy)?

c) This released energy corresponds to how many tingesnergy released in the
explosion of Hiroshima’s atomic bomb (630 J)?

39 A neutron (n = 1.675x 10?7 kg) travelling at 80% of the speed of light makes
inelastic collision with a helium 3 atomic nucleus = 6.646x 1027 kg) at rest to
form a new nucleus whose mass is 8.82® 2’ kg.

a) What is the speed of the new nucleus after thesemil? (Assuming it is not
destroyed by the collision.)

b) What is the energy released during the collisiohi¢v corresponds to the lost
kinetic energy) in MeV?

40.A pion p* at rest, whose mass energy is 139.6 MeV, decadgstwo particles
which move in opposite directions. One of theséiglas is a muop *, whose mass
energy is 105.7 MeV, and the other particle isw#nmmeo whose mass energy is very
small (in this problem, we will assume that it &5@).

a) What is the kinetic energy of each particle after decay?
b) What are the speeds of the two particles aftedédoay?
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EQueftions more difficult than the exam questions.)
41 Show that
vu
\/1 \/1 \/1 ¢’
P

J Jl * Jl ¢

42 Using the result of the previous exercise, show; fioa an object moving in the
direction, thex-component on the momentum and the relativisticggngansform
according to the following formulas.

VE
p¢=9 p.-—

E¢=g(E- vp)

43 Beatrix is looking at a huge moving walkway moviagspeed,. According to
Beatrix, the distance between the ends of the wayke/ . On the walkway, there
areN people regularly spaced at a distasfrem each other (according to Beatrix).
Among these people there is Felix.

a) According to Felix, how many people are on the sarde of the walkway as
him? (Give a result which depends onlyMandv.)

b) According to Felix, how many people are on the o#ide of the walkway?
(Give a result which depends only Nrandv.) (Hint: use the result of the first
challenge of this chapter.)

c) According to Felix, how many people are on the wei?
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1. a) 14.25 years b) 8.55 years
2.3min20s
3. Octavius is 34 years old and Augustus is 36 yelars o

4. 3.55cm
5.a)0& b)80cm
6. 0.9992
7. 0.99952
8. 5.263
9. a)0.8346 Db)550.8m

10a) 1200 m b)%10%s ) 8.33% 10%s

4 , $ 9.1

11a)612.6 MHz  b) 15.71 MHz

12.749.5 nm

13.0.3132

14.400 GHz

15.800 MHz

16.a)32.03s b)1.601s c)32.03s ®BB2.
172)6s b)&13 =0.3846

18. a) Explosion 2 occurred 26.67 years before expiosiaccording to Sydney.
b) 33.33 ly

19. a) Explosion 2 occurred 30 years before explogiaccording to Sydney.
b) 36 ly

20.1.2 ys

21.0.1333 us

22.2)105.7m b)3.347107s The gun at the back of the train fired fist@rding
to Euzebe.

23.0.2c towards the left.
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24.a)1.5us b)1.375us ¢)160m
25.a)3.1621y b)6.245y

<

26.-0.998¢

27.a) 0.87% b) The missile does not catch Ivan

2890 m

29.871,8 MHz

30.) 0.62% b) Pablo c)6years d)1.8735 an) 2.4 years
3l.a)10years b)8ly c¢)-0.9291 d) 14.402 years e) 7.332ly

3 (# 9

32.2) 0.0979¢c  b) 456

33.a) 1.527 10%8kgm/s  b) 2070 MeV  ¢) 3010 MeV  d) 5.35802 kg
34.a) 136.3keV  b) 321.1 keV

35.4.26 million tons

36.2.67x 10" kgm/s

37.2)5.118 mm  b) 3.33810%°s  ¢) 1.70& 10%!s

38.4a)11.55m/s b)6.96210°J ¢) 1105

39.) 0.2592 b) 462 MeV

40.a) 4.1 MeV for the muon and 29.8 MeV for the nigatr
b) 0.270%¢ for the muon and for the neutrino.

- 9

43.a)%(1- <) b)a)%(hg) N
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